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PREFACE 

• 

This series of mathematical textbooks marks a new type of 
mathematics as to aims, purposes, and material. Unbiased by 
tradition, the author seeks to give the mathematics necessary in 
order to interpret the quantitative phases of modern Ufe, met by 
the average intelligent person outside of his specialized vocation. 
That is, all topics and processes havie been selected for the primary 
purpose of developing the power to see and the habit of seeing those 
quantitative relationships and spatial magnitiides necessary to a 
better imderstanding and appreciation of present-day life. 

To do this, the series makes use of concepts and processes usually 
classed as arithmetic, algebra, geometry, and trigonometry; but 
it uses only such a part of these subjects as is needed to interpret 
and appreciate the references to them found in general reading or 
met in present-day social activities. It is the modern needs of the 
student, then, that are kept constantly in mind in the selection 
of topics, and not the development of the subject along traditional 
lines. 

Book III is a course in "general mathematics" for the ninth 
year, not only designed for the last year of the junior high school, 
but for the j&rst year of the four-year high school course. And 
while th^ book completes the three-book series for junior high 
schools, it takes up in review the formula, equation, and intuitive 
geometry given in Book II, in order that it may be used independ- 
ently of the rest of the series by those schools that wish to give a 
course in general mathematics instead of a formal course in " first- 
year algebra." 

The book gives a simple, but adequate, treatment of the essential 
parts of elementary algebra, the practical parts of intuitive geom- 
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etry of lines, angles, triangles, and similar figures. The work 
of intuitive geometry leads naturally to indirect measurement by 
scale drawings, similar figures, and trigonometric ratios. Chapter 
XIV gives drill in expressing and interpreting relationships ex- 
pressed by fractions and per cent. The closing chapter is a dis- 
cussion of methods of interpreting statistics and of the three ways 
of measuring the central tendency of scattered data. 

This book will develop powers to analyze relations of quantity 
and space, and lead to a habit of thinking needed in everyday 
social life, and at the same time give a splendid foundation for 
those who are to pursue the subject further. 

The author wishes to acknowledge his indebtedness to M^. 
William Betz, East High School, Rochester, New York, for many 
valuable suggestions, particularly as to the content of Chapter XV. 

John C. Stone. 

January, 1921 
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JUNIOR HIGH SCHOOL 
MATHEMATICS 

BOOK III 

CHAPTER I 

LETTERS USED TO REPRESENT NUMBERS 

You have already learned how to express a rule in men- 
suration by letters. In this book you will learn to use 
numbers expressed by letters in new ways and to perform 
all the operations with them that you performed with the 
numbers that you used in arithmetic. 

When numbers are expressed by letters we are said to be 
using literal notation. In all our later work in mathematics 
we shall have to know how to use literal notation. 

1. THE ADVANTAGE OF LITERAL NOTATION 

You learned in Book II some advantages of literal nota- 
tion. Thus, you saw that by the use of letters you could 
express in a kind of shorthand any rule for areas or volumes. 
This shorthand expression was called a formula and you found 
that it saved a great deal of time when you wanted to express 

1 
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a rule either orally or in writing. Thus, in finding the area 
of a rectangle, you learned in arithmetic that 

The number of %quare units in the area of a rectangle is equal 
to the product of the number of linear units in its base and 
altitude. 

You learned in Books I and U that this is more quickly 
and conveniently expressed by the formula 

, You learned, too, in arithmetic, how 
to find the interest on any given prin- 
cipal for a given time at a given rate. 
Thus, you learned that 

To find the interest on any given principal at a given rate for 
a given time, multiply the principal by the given rate and that 
product by the given time expressed in years. 

Thus, the interest of $ 900 at 6 % for 10 months is 

^JXT^x$900orf45 

This is expressed by a formula as 

I^t X rxp 

A letter used in a formula may represent any definite 
number of arithmetic and is thus called a general number; 
The following exercises give practice in making formulas. 

1. Represent the cost O oin oranges at d cents each. 

2. If a boy earned d dollars a week for n weeks, what 
wiU represent his total earnings for the given time ? 

3. If John has n marbles and buys s more, how many 
will he then have ? 
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Since you carmot combine n and sinto a mimber represented by 
a single letter as you could 5 -\-4^ the sum is represented asn + s. 

4. If Frank had d dollars and earned t dollars more, how 
many dollars would he then have ? 

5. If a man's salary was s dollars, and was increased d 
dollars, what would it then be ? 

6. If from a plank / feet long t feet are cut off, how 
many feet remain ? 

7. A rectangle is b feet long and h feet wide. How 
many feet in its perimeter, or the distance around it ? 

8. If the side of a square is s feet, what is its perimeter ? 

9. At c cents per dozen, what will d dozen apples cost ? 

10. If d oranges cost c cents, what is the cost of each ? 

If 3 oranges cost 16 ^, 1 orange will cost 15 ^ -«- 3 or 5 ^. 
Likewise, if d oranges cost c cents, 1 orange will cost c-i- d 
cents. 

When using literal numbers, the expression (?-5- rf is seldom 
used, but the fractional form of division is used instead. 

Thus, the expression for c divided by d would be written y 
This is read " c over rf." 

11. When 3 apples cost d cents, what will 1 cost ? 

12. When n apples cost t cents, what will 1 cost ? 

13. When a man drives t hours at the rate of m miles per 
hour, how far does he drive ? 

14. If a man drives m miles in t hours, what is the average 
rate per hour ? 

15. When coal is s dollars per ton, how much will t tons 
cost ? 

16. When t tons of coal cost m dollars, what was the price 
per ton ? 
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2. A NEW WAY TO REPRESENT BIULTIPLICATION 

In addition to the use of the sign x , used in arithmetic, 
to indicate multiplication, a dot halfway up from the lower 
edge of the number-symbols is sometimes used between two 
literal numbers. Thus, 

A = bxh can be written J. = 6 • A. 

However, except when a possible confusion may arise, no 
sign whatever is used. Thus, A=bxh or A = b'h is usually 
written A = hh. And 2 xw is usually written 2 w. 

If an expression consists of two factors, either factor is 
called the coefficient (co-factor) of the other. In 3 a, 3 is 
the numerical coefficient of a. In ab^ a is the literal coefficient 
of 6, and b is likewise the literal coefficient of a. 

The product of a, J, and c is written abc. 

When the factors are alike, as a x a x a, the product is 
written a^. 

The 3 is called the exponent and denotes the number of 
times the base a is to be taken as a factor. Thus, when 
a = 4, 0^ = 4x4x4 = 64. 

a^ is read " a square " and means a x a. 

cfi is read " a cubed " and means a x a x a. 

d* is read ^ a fourth power " and means ax ax ax a. 

a is sometimes called "the first power of a"; a\ "the 
second power of a " ; a\ " the third power of a " ; and 
soon. 

1. Give the value of x^ when a; = 5. 

2. Give the value of ^ when y = 3. 

3. Give the value of 6* when b = 10. 

4. Give the value of 3 f when t = 15. 

5. Give the value of r% when r = 6 and « = 7. 
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6. What is the value of mnl when w = 3, ti = 4, and 
Z=10? 

7. Express the product of m and n in three ways. Tell 
which way you prefer and why. 

8. When O is the total cost of I lemons at c cents each, 
express C in terms of I and c. Find C when ^ = 9 and 
<?= 5. 

9. Express by a formula the total distance D traveled in 
h hours at m miles per hour. In the formula find D when 
A = 8 and m = 20. 

10. Express by a formula the total earnings Einn months 
at 8 dollars per month. Find E when /i = 8 and « = 250. 

11. Express by formula the interest I on p dollars at r % 
for t years. Find I when p = 1000, r = 6, and ^ = f . 

12. At r dollars per week, how much can a boy earn in t 
weeks ? Calling E the total earnings, write the formula. 
Find E when r = 9 and ^ = 8. 

13. Find the value F' of n bushels of apples at r dollars 
per bushel. Find F" when n = 20 and r = 2.25. 

14. If a boy rides at an average rate of 8 miles per hour, how 
far can he ride in 4 hours ? In ^ hours ? At an average 
rate of r miles per hour, how far can he ride in t hours ? 

15. Using D, r, and t for distance, rate, and time, express by 
formula the relations of problem 14. 

16. Find the average rate of a man who is driving when 
he makes 125 miles in 5 hours. In t hours. When he drives 
d miles in t hours. 

17. Using the notation of problem 15, write the formula 
that expresses the relations of problem 16. 
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18. An automobile traveling at the rate of 20 miles per 
hour will require what time to make a town 50 miles away ? 
d miles away ? At an average rate of r miles per hour, how 
long will it take to make a town d miles away ? 

19. Using the notation of problem 15, write the formula 
that expresses the relations of problem 18. 

3. LITERAL EXPRESSIONS OF MORE THAN ONE TERM 

In using literal notation in mathematics you will often 
need expressions of more than one term connected by plus 
or minus signs. Thus, the perimeter of a triangle whose 
sides are a, 6, and c^ respectively, is a + b + c. Or, if m is the 
maturity value of a note and d is the bank discount, then the 
proceeds are m — d. 

Literal expressions of one term are monomial expressions ; 
of two terms connected by plus or minus signs are binomials ; 
and of three terms, trinomials. The general term poly- 
nomial is often used for all expressions of more than one 
term connected by plus or minus signs. 

1. What is the perimeter of a rectangle whose dimensions 
are 8 and t ? Since there are two sides each «, and two sides 
each f, the perimeter equals what binomial expression ? 

2. At simple interest, the amount due at any given time 
is the face of the note plus the interest due. Calling the 
amount due A^ the face of the note/, and the interest due i, 
write A in terms of / and i. 

3. James worked n hours in the morning and m hours in 
the evening. Write a binomial that expresses the total 
number of hours that he worked. 

4. After spending c dollars, how much had one left from 
t dollars ? 
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5. A boy having d dollars, earned t more and spent n ; 
express as a trinomial the amount left. 

Write exfpre%%i<m% for the following : 

6. The sum of twice a and three times h. 

7. Half the difference between x and twice y. 

8. The square of a less the cube of 6. 

9. The product of 3 a and 6. 

10. One-half the sum of 2 a and 5 h. 

11. The sum of the squares of a and i. 

12. The square of the sum of a and 6. 

. 

Note. — To show that the sum as one number is to be squared, 

a + 5 is inclosed in parentheses, and '' the square of the sum " is written 

(a + h)\ 

13. The difference of the squares of x and J. 

14. The square of the difference of a and 5. 

4. CONSTRUCTING MATHEMATICAL SYMBOLS 

As you have already seen, formulas are used to exprebs 
mathematical facts in brief form. These literal expressions 
not only aid the memory by picturing the fact more clearly 
to the eye, but they save much time in writing or expressing 
the facts. By literal expressions, too, the analysis and solu- 
tion of a problem is often made more direct and simple. 

To write a formula from a rule, or to state a relationship 
in terms of letters, two things are essential : 

1. Study the wording carefvUy to %ee the mathematical pro- 
cesses that are to he performed^ and the order in which they are 
to he performed. 
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2. TktH exprem ?y httert and mathti m'ltioil #ywii-:/# the faft9 
that wert expm^d in tcvrd*^ 

Write a t'^rmula t'.^r tie fAL>¥riH*j rah* ot mt'.ikjeurati^/m: 

1- The number of square units in the area of a rectangle 
is the proiluet of the number of linear units in its rwo dimen- 
sions. (J, h^ h.} 

X«.»TK- — The letters A^K and il su.z;;'?^ the Irrtteis to be a.=ed in the 
fonnola. Thu5w let A = area, b = b^aae. k = hei^rLt. 

2. The number of square units in the area of a triangle is 
half the product of the number of linear units in its base and 
altitude. (A. K A. > 

3w The number of square units in the area of a parallelo- 
^am is the pnzMlaet of the number of linear units in the ba^se 
and altitude. (A^ h^ h,) 

4- The number of square units in the area of a trapezoid is 
half the product of the number of linear units in the height 
multiplied by the sum of the linear tmits in the two basesw 
TJL b^, ^j. A.) 

5. The number of square units in the area of a square is 
the square of the number of linear units in a side of the square. 

e. The circumference of a circle is «• times its diameter. 
(C, d.) 

7. The circumference of a circle i» 2t times its radius^ 
(C. r.) 

a. The number of square units in the area of a circle is r 
tiiiies the square of the number of linear units in the radius^ 
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9. The square on the hypotenuse of a right triangle is 
equal to the sum of the squares on the two sides. (-H, A^ B.^ 

10. The volume of a cube is the cube of one of its edges. 

. Note. — This is but a brief and inaccurate statement of the fact that 
the number of cubic units in the volume of a cube is the cube of the 
number of linear units in one of its edges. Complete statements were 
made in problems 1-5, and 8-9. In the following, make the complete 
statement indicated by the brief statement. 

11. The volume of a rectangular prism is equal to the 
product of its length, breadth, and height. (F, ^, J, A.) 

12. The volume of a rectangular prism is equal to the 
product of the area of the base and the height. (F', J, A.) 
(Make a complete statement of this rule.) 

13. The volume of a regular pyramid is one-third of the 
product of the area of its base and height. (Fi 6, A.) 

14. The volume of a right circular cylinder is ir times the 
square of the radius times its height. (FJ r, A.) 

15. The volume of a right circular cylinder is the area of 
the base times its height. (F^ J, A.) 

16. The volume of a right circular cone is one-third of the 
product of the area of the base by the height. (Fi J, A.) 

17. The area of the curved surface of a cylinder is ir times 
its diameter times its height. (aS^ d^ A.) 

18. The area of the curved surface of a cone is half the 
product of TT times the diameter times the slant height of the 
cone. (/S, d, «.) 

19. The area of the surface of a sphere is four times tt 
times the square of its radius. (aS, r.) 

20. The volume of a sphere is ^ times tt times the cube of 
its radius. (F, r.) 
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5. FORMULAS OF SCIEITCE AlTD IHDUSTRY 

In ihe various sciences and industries are many formulas 
that the user accepts as true because they have been made by 
some one who is an authority. The one making a practical 
use of them in the science or industry is not concerned witli 
how they are made, but takes them as accepted facts ajid 
uses them. The following illustrate miscellaneous formiilas 
used in practical life. 

1. The formula (7= — is much used in work with electric- 

R 

ity. Compute C when E^ 20.5 and R = 16.75. 

2. The velocity of the recoil of guns is computed by the 
formula 1^=-—, where IT = velocity of recoil, TT^ weight 

of gun and carriage, in pounds, w = weight of projectile, and 
V = muzzle velocity of projectile. A 10-inch gun on a bat- 
tleship fires a 400-pound projectile with a muzzle velocity of 
1600 feet per second. The weight of gun and carriage is 22 
tons. Find the velocity of the recoil. 

3. The force of pressure P of the wind, in pounds per 
square foot, is computed from P= .005 V^^ where F"= ve- 
locity of wind in miles per hour. Find the force of the wind 
when blowing at 40 miles per hour. What would be the 
total pressure of this wind against the side of a house 20 feet 
high and 60 feet long ? 

4. If an object, such as a brick dislodged from the wall, 
starts from rest and falls towards the earth, the distance that 
it will fall in a given length of time is computed by the 
formula « =« |- <i^, where s = distance in feet, a = 32, and 
t = number of seconds elapsed. Find the distance an object 
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will fall in 1 second ; 2 Beconds ; 3 seconds ; 4 seconds ; 10 
seconda ; 60 seconds ; 5 minutes. 

Note. — ThisfonnalA holds accurately only for bodies falling in a 
perfect racuum. For bodies falling thnragh the air, the Telocity is 
somewhat diminiaked by the resiatance of the air. ^^ _ 

s. To measure temperature, two different 
kinds of thermometers are in use ; the Fah- 
renheit and the Centigrade. On the former 
the freezing point is marked 32° and the boil- 
ii^ point 212°. On the latter these points are 
marked 0° and 100°, respectively. If the tem- 
perature is read on a Fahrenheit thermometer, 
the corresponding temperature on the Centi- 
grade thermometer is computed bj the for- 
mula C— J (J* — 32), where C = temperature 
in degrees on Centigrade scale and F = tem- , 
perature in degrees on Fahrenheit scale. " 

When it is 70° by the Fahrenheit thermome- 
ter, what is the temperature on the Centi- 
grade thermometer? When 64°? When 48°? When 80°? 

€. The strength or capacity for work of engines is ex- 
pressed in horse power. The horse power of steam engines 



steam in pounds per square inch, I = length of stroke in feet, 
a = area of piston in square inches, and n = twice the number 
of revolutions per minute. Compute the horse power of an 
engine in which a test shows ^ = 95 pounds, l = SO inches, 
a = 706.8 square inches, and n » 100. 

7. Find the horse power of a steam engine in which 
;>ssll0 pounds, /» 24 inches, »=120, and the diameter of 
the piston is 16 inches. 
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SuGOESTiOK. — From the given diameter of the piston a must be 
computed. That is, you most find the area of a 16-inch circle. 

8. The horse power of automobile engines is computed by 
the formula JJ.P. = KM) (D - 1)(^ + 2), where IT = .197 
for commercial touring cars, y= number of cylinders, 
D = diameter of cylinders, and iJ = ratio of the stroke to the 
diameter. WTiat is the horse power of a -l-cylinder engine 
of a touring ear in which the diameter is 4 inches and the 
stroke 5 inches ? 

9. The number of ways that a committee of 3 persons may 
be selected from a group of n persons is -^^ — ~ ^^ — ^^^^ — - • 

In how many ways may a committee of 3 be selected from 4 
persons ? From 5 persons ? From 6 persons ? 

10. The horse power that may be transmitted safely by a 
certain kind of shafting without breaking or twisting is 

computed by the formula ff.JP. = — — , where n = number of 

64 

revolutions per minute and d = diameter of shafting in 

inches. How many horse power can be transmitted by such 

a shafting of 4-inch diameter making 76 revolutions per 

minute? By one of 6-inch diameter making 100 revolutions 

per minute? 

11. When a brick arch is supported by a tie rod to keep 
the waUs from spreading, the " horizontal thrust," or stretch- 
ing force exerted on the rod, in pounds per linear foot of 

1 5 WS^ 
arch, is obtained by the formula F = -^— — — , where 

W= weight on arch in pounds per square foot, S = span of 
arch in feet, M = rise of arch in inches. Find the strain on 
the tie rod in an arch on which the weight is 360 pounds per 
square foot, the span 4 feet, and the rise of arch 18 inches. 
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- 12. The discharge of a pump in gallons per minute is ob- 
tained from the formula Gr = .03264 Td^^ where 6f = number 
of gallons, T = travel (total distance traveled) of piston in 
feet per minute, d = diameter of cylinder in inches. Sup- 
pose that the diameter of the cylinder of a pump is 18 inches, 
that the stroke of the piston is 24 inches, and that it makes 
40 strokes per minute. Find the discharge. 

6. HOW LITERAL NOTATION AIDS IN THE SOLUTION OF 

A PROBLEM 

In many of the indirect problems of arithmetic, writing 
the relation by using some letter for the unknown quantity, 
or the number wanted, is a great aid in the analysis and 
solution of the problem. The following illustrations show a 
few advantages of using such notation. Such statements in- 
volving an unknown quantity are called equations. 

1. How long a rectangular plot 30 ft. wide will have the 
same area as a square plot whose side is 45 ft. ? 

SOLUTION 



Let / = the unknown length. 

Then 30 Z = the area of the rectangle. 

And since 2025 = the number of square 
feet in the square plot, we have the rela- 
tion (equation), 

30 1 = 2025. 



30' 



Now we see that we have the product of two factors of which one fac- 
tor is known, and we are to find the other. From the meaning of divi- 
sion, we know that I = 2025 ^ 30 = 67.5. 

2. A boy is making a triangular sail for his boat. It is to 
contain but 65 square feet. If he makes it 10 feet wide at 
the base, how long can it be from the base to the opposite 
corner ? 



\ 
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SOLUTION 




jj* ^'*'*'*''^*^^^ Let X = the required lengtli. 

S^^^ Then :^ or 5x = the area. 

,,,0''''^''^^'^ Hence 5x=:65, 

and X = la. 

3. A load of sand (1 cu. jd.) will fill a sand 
box 4| ft. by 8 ft. to what depth? 

SOLUTION 

Let X = the required depth. 

Then 36 x = Tohune in ca. ft. 

Hence d6x = 27, 
ind X = }2 = I (ft.) or 9 inche& 

In, the $ame way state and solve thefottattmg : 

4. Using a string as the radius, some boys want to lay off 
a circular running track that will be | of a mile (660 ft.^ 
around. How long a string is needed ? 

5. A boy in a corn-raising contest wishes to see how mncli 
he can raise on just one acre (160 sq. rd.). The field is 20 
rd. long. How wide a strip must he take ? 

6. Two boys are going to see who can produce more car- 
rots from plots of equal size. One has a plot of 50 ft. by 
90 ft. If the other boy uses a plot 120 ft. long, how wide a 
strip must he take to have the same area ? 

7. A boy has two boxes in which he keeps feed for his 
hens. One box is 14 in. wide and 18 in. long, and the other 
is 12 in. wide and 30 in. long. To what depth must he fiU 
them to hare just 4 bu. in each ? (Use 1 bu. s 2150 cu. in.^ 

8. A boy wants a sail for his canoe that will contain 86 
sq. ft. He can buy canvas 3 ft. wide. Not allowing for 
waste in making, how many yards must he buy ? 
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9. A man wished to know to what depth his winter's sup- 
ply of coal of 14 T. would fill his bin, which was 8 ft. by 
12 ft. Allowing 35 cu. ft. to the ton, find it. 

10. A man wished to cut off 5 lb. from a bar of lead 2 in. 
square. Allowing .4 lb. per cubic inch, find what length 
he must take. 

11. Allowing 60 cu. ft. to the ton, to what depth will 40 
T. of hay fill a rectangular mow 15 ft. by 18 ft. ? 

12. To what depth will 800 bu. of oats fill a bin 10 ft. by 
20 ft. ? (Allow 1.26 cu. ft. per bushel.) 

13. A triang^ular plot with a base of 10 rd. contains J of 
an acre. How far from the opposite comer to the base ? 



CHAPTER n 

HOW TO SOLVE AlTD USE AK EQUATION 
1. THE FORMAL SOLUTION OF AN EQUATION 

You saw in Book n that an equation is a statement that 
two expressions have the same value. In the last chapter 
you solved indirect problems in mensuration bj the use of 
the equation. In solving them jou reasoned from the mean- 
ing of division how to find the value of the unknown factor. 

In Book n JOU found four kinds of equations, the solutions 
of which required subtraction, division, addition, or multipli- 
cation. The four kinds are reviewed here. 

1. Solve 71 + 4 = 9. 

This equation states that " some number increased by 4 is 
equal to 9." To solve it is to find what the number is. 
Evidently it is 5, for 5 4-4 = 9. While this is easily found 
by inspection, in more complicated problems we make use of 
the axiom that 

If equals are subtracted from equals^ the remainders are 
equal. 

Hence a more formal solution is: 

Given w + 4 = 9. 

Subtracting 4 from each side of the equation, 

w = 5. 
16 
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2. Solve 3 w = 15. 

This is a statement that " 3 times some number is equal to 
16." To solve it is to find what the number is. Evidently 
it is 5, for 3x5 = 15. But again, a more formal solution is 
based upon the axiom that 

If equal numbers are divided by eqiial numbers (not zero)^ 
the quotients are equal. 

Hence the solution is: 

Given Zn = 15. 

Dividing both sides by 3, 

71 = 5. 

3. Solve a; — 5 = 8. 

This is a statement that " some number less 5 is equal to 
8." To solve it is to find what the number is. Evidently 
it is 13, for 13 — 5 = 8. But this is solved more formally by 
the axiom that 

If equals are added to equals^ the sums are equal. 

Given re — 5 = 8. 

Adding 5 to both sides, 

a; = 13; 

for a; — 5 is 5 less than a;, hence if 5 is added to a; — 5 we 
have X. 

4. Solve 5 = 8. 

2 

This is a statement that "some number divided by 2 is 
equal to 8." Evidently it is 16, for 16 -5- 2 = 8. More for- 
mally this is solved by the axiom that 

If equals are multiplied by equals^ the products are equal. 
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15. a — 18 = 5. «A ^ c 

16. y-7=rl2. 13 

17. c-17 = 3. 35, ^,16. 



18. a; — 45 = 10. 



25. i = 7. 
4 



26. ?=20. 



16 



9 



19. y-13 = 20. 36. ^ = 7. 

20. <-6 = ll. 

21. «-4 = 18. 37. ^ = 16. 



8 



22. r— 10 = 16. 

„ 38. 1 = 120. 

23. 1 = 6. 5 
3 

24. - = 5. 



39. ?=26. 



27. = = 10. ~ 8 



40. ^ = 80. 



41. ?=19. 



42. ^=19. 



43. i = 13. 



28. -4 = 6. " 9 



29. 5 = 11« 11 

45. 3a; = 24. 

30. ^ = 6. 46. 7y=36. 

31. -— = 8. 
16 

32. ? = 15. 



47. 2ir«26. 

4a 12^s60. 

49. 5^sr45. 

50. 7t = 84. 

9 ^ 51. 11 a; = 132. 

* 12" ' 52. 12x = 180. 
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53. 8a = 96. 60. 72r = 864. 

54. 10i = 90. 61. 3^ = 672. 

55. 7» = 105. 62. 9x = 288. 

56. 6 2; = 144. 63. 5n = 305. 

57. 5y = 175. 64. 72r = 924. 

58. 7« = 147. 65. 8r=368. 

59. 3r=195. 66. llw=176. 

2. EQUATIONS REqUIKBSG MORE THAN ONE METHOD 

OF SOLUTION 

The value of the unknown number of any equation is 
found by using one or more of the four methods you have 
studied. This will be shown in the following solutions : 

1. Solve 5 a: 4- 12 a: + 112 = 10 a: + 196. 
Adding similar terms, 5 x and 12 a:, 

17 ar-h 112 = 10 a: 4-196 (1) 
Subtracting 112 and 10 x from both members, 

7 a; = 84 (2) 

Dividing both members by 7, x = 12. (3) 

Notice that by subtracting 112 from both members, ^we 
get all terms free of x out of the first member, and by sub- 
tracting 10 a; from both members, we get all terms which 
contain x out of the second member. 

Check. When x = 12, the first member becomes 5 x 12 + 12 x 12 

+ 112, or 316, and the second member becomes 10 x 12 + 196, or 316, as 
it should. 
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2. Solve 13 a - 14 + a = 34 + 8 a. 

By combining similar terms, what does the first member 
become ? 

What must be added to get all terms free of a out of the 
first member of the result ? 

What must be subtracted to get the second member free 
of terms containing a ? 

What is your resulting equation ? 

By what must you then divide both members ? 

Evaluate both members by using the value of a obtained, 
and see if your result is correct. 

3. Solve^ + ? + 3=;?^ + 10. 

4 5 10 

What is the least number that will contain each denomi- 
nator ? 

By what then must each member be multiplied to free each 
term of fractions? 

Show that the resulting equation is 57i-|-4w-|-60 = 2w 
+ 200. 

Combining similar terms, what does this become ? 

What is necessary in order to get 60 out of the first 
member ? 

How is 2 w gotten out of the second member ? 

Show that n = 20. 

It is evident from the foregoing examples that the steps 
in the process of solving such an equation are as follows : 

1. If the equation contains one or more fractions^ multiply 
both members by the least number that will contain, all the de- 
nominators in order to free the equation of fractions. 

2. Unite similar terms by adding^ or subtracting^ as the case 
may require. 
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3. Free the first member of all terms that do not contain the 
unknown number^ and free the second member of all terms thctt 
do contain the unknown number^ by adding the same number to 
both members or by subtracting the same number from both 
members. To remove a term that is added^ subtract ity and to 
remove a term that is subtracted ^ add it to both members. 

4. Divide both memhers of the resulting equation by the co^ 
efficient of the unknovm number. 

5. Always check the work by evaluating both members of 
the original equation^ using the value found for the unknown 
number. 



Solve and check : 

1. 8a: + 4=2a;-f 7. 

2. 6a — 5 = 4aH-l. 

3. 5y + 5 + 3y = 8. 

4. 7 6+3 = 5-1-21. 

5. 3 6 + 4 = 25. 

6. 2a; — 5 = 7 — a;. 

7. 5c-4 = 12-3c. 

8. 3y-7 = 14— 4y. 

9. 5-A = 3^-h6. 

ao. 26 + ^-17 = 0. 
6 



10. 20P-5 = 5P-h25. 

11. 5 A 4- 15 = A -1-35. 

12. 4 6-3 = 6. 

13. 5 a: — 5 = a: -1-3. 

14. 13a;-f-7-15 = 5a?-f 32. 

15. 12^-13 + ^ = 35 + 7^?. 

16. 13 a — 7 + 16 = 5 a + 18 — a, 

17. ^+^+9=^+16. 

3 4 6 



a-6 . a-4 17 
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24. __+-=___+4. 26. _ + 12 = _ + 6. 

25. a:-| = 30 + |. 27. 1+^-8 = 150-^. 

^ 5a; + 2 3_2; + 5 , 13 

28. ^ "~" -— — _ *T" " . ' . 

3 4 2 4- 



3. PROBLEMS SOLVED BY EQUATIONS 

You have already had some experience in solving prob- 
lems by use of the equation. It is only the indirect prob- 
lems of fractions, percentage, and mensuration that you had 
in arithmetic that were more easily solved by use of the 
equation. But many problems wUl arise later whose solu- 
tions without the use of algebra are very difficult. 

The problems of the following exercises do not meet a 
real need in everyday life but are given for exercise in ex- 
pressing a relationship in terms of an equation, in order to 
fit you for more important work that follows. You will find 
them interesting, however, for you will see how algebra 
enables you to solve problems that are almost impossible 
without it. The four problems show in detail how to solve 
problems by use of the equation. 

1. A horse and wagon cost $ 375. The horse cost twice 
as much as the wagon. What was the cost of each? 

There are two unknown numbers, the cost of the horse 
and the cost of the wagon. 

Let X = cost of wagon. 

Then 2 a: = cost of horse, 

because " the horse cost twice as much as the wagon. 



»» 
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Hence 2x + 2:= 375, 

because ^ the horse and wagon cost $375.'' 
Adding similar terms, Sx = 375. 
Dividing by 3, a: = 125. 

Multiplying by 2, 2 x = 250. 

Hence the wagon cost $ 125, and the horse cost 8 250. 

2. Three men contributed to an enterprise $4800. The 
second contributed twice as much as the first, and the third 
contributed as much as the other two. How much did each 
contribute ? 

Let a =• amount contributed by the first. 

Then 2 a = amount contributed by the second. Why ? 

And 3 a = amount contributed by the third. Why ? 

Hence a+ 2a-h3a = 4800. Why? 

6a:^ 4800. Why ? 

a = 800. Why? 

2 a = 1600. Why ? 

3 a = 2400. Why ? 

How much did each contribute ? 

Observe that we took the following steps in getting an 
equation : 

1. We first read the problem to discover what numbers tvere 
required. 

2. We then let some letter represent one of the required num- 
bers. 
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3. We then found statements in the problem that gave the 
other unknovm numbers in terms of this letter, 

4. We then found another statement in the problem that gave 
an equation. 

5. This statement was expressed in the symbols of algebra as 
an equation. 

3. A house and lot cost $ 8400. The house cost 3 times 
as much as the lot. Find the cost of each. 

How many numbers are unknown ? Which unknown 
number will you represent by a letter? What statement 
will give the other unknown number ? 

What statement in the problem gives an equation ? 

What, then, is the equation ? 

Solve the equation. 

Study the following solution. Show how the steps out- 
lined above were followed to get the equation. Then show 
how each new equation in the solution was obtained. 

4. One-fourth of a certain number diminished by 9 is the 
same as 40 diminished by one-third of the number. Find the 
number. 

Let n represent the number. 

Then - represents one-fourth of the number and - repre- 
sents one-third of it. 

Then ^-9 = 40-|. Why? 

And 8w-108 = 480-4n. Why? 

Hence 7n = 588. • Why? 

And w = 84, the number. Why ? 



26 JUNIOR HIGH SCHOOL MATHEliATICS 

To ttate relatum$kipsj you mutt fimt he Me to anmaer such 
questions as thefoUowing: 

5. lix denotes a certain number, iidiat wiU denote a nmn- 
ber 5 larger ? What will denote one 5 less ? One ^ as large ? 

6. My orchard 3^elded 100 barrels of apples more this 
year than last. If n represents last year's yield, what ivill 
represent this year's yield ? If y represents the yield of this 
year, what will represent the yield of last year ? 

7. Henry's bicycle cost $ y and John's cost three times as 
much. What represents the cost of John's ? 

8. A honse cost $x and the lot cost one-third as much. 
What will represent the cost of the lot ? What will repre- 
sent the cost of both ? 

9. One boy sells twice as many papers as another. By 
the nse of some letter represent the number sold by each. 
By both. 

10. One horse cost $ 10 more than anodier. By the use 
of some letter represent the cost of each. The cost of both. 

11. John solved 3 more problems than James. Represent 
the number solved by each. By both. 

12. If A has 8 J\ B one-half as much, and C one-third as 
much, what will represent the amount all three have ? 

13. If a boy has 6 marbles and buys 5 more, how many 
has he ? If he has a marbles and buys b more, how many 
has he ? 

14. One part of 16 is 12. What is the other part ? One 
part of 16 is x. What is the other part ? One part of « is ii. 
What is the other part ? 

15. The difference between two numbers is 9, and the 
smaller is 7. What is the larger ? The difference between 
two numbers is d, and the smaller is ar. What is the larger ? 
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16. How old will a man be in 12 years if his present age 
is 42 ? How old will he be in 12 years if his present age is 
a? ? How old will he be in y years if his present age is a; ? 

17. A man's present age is 82. What was it 8 years ago ? 
TVhat was it x years ago ? A man's present age is a. What 
was it 6 years ago ? 

18. One number is x and another is three times as great. 
What expresses the other number ? One number is x and 
another is y times as great. What expresses the other 
number ? 

In each of the above exampleB you have expressed one number 
in terms of one or more other numbers. 

Write as equations and solve: 

19. $ 5 added to my money will give me $28. How much 
have I ? 

20. A watch and chain together cost $ 125. The chain 
cost i 30. Find the cost of the watch. 

21. Seven times a number less 5 equals 51. Find the 
number. 

22. Eight times my money and $ 40 more is 12 times my 
money. How much have I ? 

23. I lost I of my money and had f 35 left. What had I 
at first ? 

24. I sold a house for $ 6000. This was a gain of J of 
the cost. Find the cost. 

25. After traveling ^ of the journey, I had 21 miles yet 
to go. What was the length of the whole journey ? 

26. I bought 6 lb. of coffee and 5 lb. of tea for 9 6.40. 
The tea cost twice as much per pound as the coffee. Find 
the cost of each. 
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27. In a certain class there are 24 pupils, and there a.re 
twice as many girls as boys. How many boys are there ? 

28. Two boys sold 45 papers. One sold ^ as many as tlie 
other. How many did each boy sell ? 

29. What number must be added to 32 in order that twdce 
the sum shall be 106 ? 

ao. A rod 40 inches long is cut into two pieces. Xlie 
shorter piece is f as long as the other piece. Find the lengths 
of the pieces. 

31. A certain number diminished by 40 is the same as 40 
diminished by ^ of the number. Find the number. 

32. Divide 165 into two parts, one of which is 45 less 
than the other- 

33. The sum of two numbers is 99, and their difference is 
57. AVhat are the numbers ? 

34. Three times a father's age is 8 times that of his son, 
and the sum of their ages 132. Find their ages. 

SuGOESTiox. — Let 3 X = the son's age. 

35. A rectangular field is twice as long as it is wide, and 
the distance around it is 672 yards. Find the width and 
length. 

36. Find two numbers whose difference is 64, one of 
which is three times the other. 

37. I bought 3 horses and 2 cows for 8960. I paid 
twice as much for a horse as for a cow. What did I pay for 
each? 

38. Three candidates at an election received 3600 votes 
among them. A received | as many as B, and C received | 
as many as B. How many did each candidate receive ? 
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39. A number, its half, its third, and its fourth make 100. 
Find the number. 

40. A farmer sold J of his farm at $ 60 per acre, | of it at 
$ 75 per acre, and f of it at 1 60 per acre. He received in 
all $ 22,250. How many acres in the farm ? 

41. Divide 60 into two such parts that the greater shall 
equal 4 times the lesser. 

42. Henry has 24 marbles and Paul has 14. How many 
must Henry give- Paul in order that they may each have the 
same number? 

43. A, B, and C buy a piece of property for $ 3100. A 
invests twice as much as B, and C invests $ 100 more than 
A and B together. How much does each person invest ? 

44. Two men were employed to dig a ditch 630 feet long. 
One dug an average of 45 feet a day, and the other an 
average of 60 feet a day. How long did it take them to dig 
the ditch?" 

45. Two trains start at the same time from stations 450 
miles apart, one running at the rate of 35 miles per hour, 
the other at the rate of 40 miles per hour. In how many 
hours do they meet ? 

46. Find the number whose double exceeds 12 by as much 
as 9 exceeds the number. 

47. A boy has $1.05 in dimes and nickels. He has as 
many dimes as nickels. How many has he of each ? 

48. A merchant's profits doubled each year for three 
years. His profits for all three years were $ 9450. What 
were his profits the first year ? 

49. A has $ 35 more than B. B has -^j as much as A. 
How much has each ? 
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90. A makes a journey of 112 mflea. He driyes 5 times 
as far as he walks, and goes by train twice as far as he drives. 
How far does he go by train ? 

51. The sum of three angles of a triangle is 180^. If tw^o 
of the angles of the triangle are eqnaU and the other is |^ of 
their som, how many d^^rees in each angle ? 

52. The difference between 4 times a certain number and 
\ of the number is 30. Find the number. 

93. Two boys together solved 48 problems. One solved 
^ as many as the other. How many did each boy solve ? 

94. If to a certain number you add its half, its fourth, 
and 52 more, the sum is 5 times the original number. Find 
the number. 

99. One side of a parallelogram is 16 inches, and the 
whole perimeter is 80 inches. Find the length of the adja- 
cent side. 

4. THE TRAlf SFORMATIOH OF FORlfULAS 

In the formula A = bh for the area of a rectangle, A is 
called the subject of the formula just as in the rule for the 
area, the word " area " is the subject of the sentence. In 
using a formula to find some unknown value, not the subject, 
it is sometimes more convenient to transform the formula by 
solving for this letter in terms of the others; that is, to 
change the subject. Thus, in the formula 

A = bh. 
Dividing both sides by 5, 

Or A =4 

h now becomes the subject. 
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This new formula translated into a rule is, 
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To find the width of a rectangle whose area and base are 
hnown^ divide the area by the base. 

Transform the follomng formulas a^ required: 



1. 


A^bh. 


Solve for b. 


10. 


Solve for A. 


a. 


A^^bh. 


Solve for A. 


*u. 


A = S\ Solve for S. 


3. 


O^ird. 


Solve for d. 


12. 


A = TT/^A. Solve for r. 


4. 


C^'inrr. 


Solve for r. 


13. 


F= TTT^A. Solve for r. 


5. 


izsprt. 


Solve for r. 


14. 


Faa» J Trr^A. Solve for r. 


6. 


V=bwh. 


Solve for h. 


15. 


/? =! 4 TTT*. Solve for r. 


7. 


F= TTf^h. 


Solve for h. 


16. 


F= 1 TT/^. Solve for r. 


8. 


F= J bh. 


Solve for A. 


17. 


A2 = a2 + ja. Solve for a. 


9. 


V^^irr^h. Solve for A. 


18. 


O^cfi — J2. Solve for a. 



Note. — You learned in chapter IX, Book II, that if you knew the 
square of a number, you could find the number by extracting the 
square root. Thus, if the square of some number is 49, the number 

is Vifl^ or 7. Hence if ^ = 5 «, then 5« = ^, and 5 = V27 Likewise, 

if -X»= F,Z= Vy. 



• CHAPTER in 

USES AMD AMGLES 

Ix eT€Ty wilk of life we have to ojiisiier the measureineiit 
of liacs, aa^lo^ sarfaffrs, and solids. A study of these re- 
q";;r«r5 a knowlrAz^ of that braneh of mathematics called 
geometry* In this chapter we shall study the measmeineiit 
of lilies and angles and certain properties of them. 

1. KDmS OF UMES 

A line has leBgth only, and not width or thiokne:^. To 
represent a line to the eye, however, some kind of mark is 
rifr^r^rvsarv. To lav off a straisrht line we mav lav a ruler 
down on a piece of paper and mark along^ the edge with a 
feharjjened piencU. We call this a line, but in reality it is but 
the pr>y.s:cal representation of the line. It merely locates it. 
We are concerned merely with its location or its len^h, not 
the width of the mark. 

When two lines intersect, their intersection determines a 
point which has neither length, breadth, nor thickness, but 
merelv location or position. 



\ 




8TKAICSHT Lnrz Bkokex Lcm Ctkted Link 

A broken line is made up of a number of parts each of which 

is straight. A cnryed line is a line no piirt of which is 

Htrai^^'ht. 
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A circle is a closed curved line all points of which are 

equally distant from a point within called the center. The 

distances from all points of the circle to 

the center are called the radii, all of 

Ti\rhich are equal. Two radii forming a 

straight line are a di- 
ameter. 

A straightedge or 
niler is used for draw- 
ing straight lines, and compasses are used 
for drawing circles. A 

good substitute for compasses consists of 

a cord with a loop in one end in which 

a pencil or crayon may be inserted. 

For the work of this chapter you need 

a straightedge and a pair of compasses. 






2. THE STRAIGHT LINE 

While the mark that represents a straight line is of neces- 
sity limited in length, a straight line must be thought of as 
extending indefinitely in either direction. That part of a 
straight line whose length we wish to determine is called a 
line segment, or, more briefly, a segment. Thus, 



When speaking of the line uAB we mean the straight line 
through points A and B with no thought of length. To refer 
to the part between A and jB, we speak of the " segment 
J.5." Thus, a segment has a definite beginning point and 
a definite ending point. 

When a line has a beginning point but extends away from 
it indefinitely it is called a ray. 
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3. THE MEASURSMEirT OF A LXHE SEOKSFT 

To measure any magnitude is to apply some unit of 
lire to it and find how many times it contains the unit of 
measure. Thus, to measure segment JLB, we apply the zero 
mark of our ruler to point A, and with the edge of the ruler 
along AB^ read the length opposite the point B^ which is 24 
inches. Thus, the segment AB is 2| times as long as 1 incTi^ 
the ufdt of mecLSure, 




To measure longer length, the foot or the yard is used as 
the unit of measure. The foot rules, yardsticks, and tape 
measures used are divided into fractional parts of the units 
used. 

The inch, foot, and yard are the units of length used for 
most industrial and commercial purposes in this country 
whUe in the sciences we use a system called the metric system 
The metric system is the system used for both scientific and 
industrial purposes in most countries, except in this country 
and Great Britain. ^ 



4. THE METRIC SYSTEM OF MEASURES 

Nearly aU nations have derived their standard units of 
length from the lengths of some parts of the human body or 
from other familiar objects, as a grain of barley, the length 
of a pole used in fencing their farms, or the length of a step 
in marching, etc. 

During the French Revolution the French Government 
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appointed a commission to devise a more scientific system, 
and one that would eliminate the inconveniences of the ex- 
isting systems. The metric system is the result. 

The standard unit of the metric system, from which all 
other units are derived, is the meter. An attempt was made 
to get an indestructible unit by surveying a long distance on 
the meridian through Paris and then computing the distance 
from the equator to the pole and taking one ten-millionth of 
this as the most convenient length for the primary unit. 
This resulted in a unit 89.8707 inches long for the meter. 
While later measurements show a slight error in fixing the 
length of the meter, it does not afEect the usefulness of the 
system. 

The system is a decimal system, for the number of units of 
one denomination which make one unit of the next higher 
denomination is always 10 or a power of 10. The relations 
of all larger or smaller units to the primary unit are shown 
by their names made from Greek and Latin prefixes. The 
Latin prefixes denote parts of the primary unit, and the Greek 
prefixes denote multiples of the primary unit. 

LATIN PREFIXES 

» 

Milli meams ^ ^^ ^ ; thus, millimeter means yoW ^^ ^ meter. 
Centi means y^ ; thus, centimeter means y^ of a meter. 
Deci means -^ ; thus, decimeter means -^ of a meter. 

GREEK PREFIXES 

Deka mean 10 ; thus, dekameter means 10 meters. 
Hekto means 100 ; thus, hektometer means 100 meters. 
Kilo means 1000 ; thus, kilometer means 1000 meters. 
Myria means 10,000 ; thus, myriameter means 10,000 
meters. 
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TABLE OF LINEAR MEASURE 

10 millimeters (mm.) = 1 centimeter (cm.) 

= .8937079 inch 
= 1 decimeter (dm.) 
= 1 meter (m.) 
= 39.37079 inches. 
= 1 dekameter (Dm. ) 
= 1 hektometer (Hm.) 
= 1 kilometer (Km.) 
= 3280.9 feet, or .62137 mile 
= 1 myriameter (Mm.) 



10 centimeters 
10 decimeters 

10 meters 

10 dekameters 

10 hektometers 



10 kilometers 

Note. — The units in common use are in bold-face type. The abbrevi* 
ations of the Latin prefixes begin with small letters and those of the 
Greek prefixes with capitals. 



Centimeters 2 



4 



8 



IncAes 12 3 


iiliili 



It is seen, then, that the great ajivantages of this system 
are : (X) A decimal relation between the units so that all re- 
ductions may be made by anneodng zeros or moving the decimal 
point; and (2) self-defining names of the derived units that 
save memorizing tables of relation as in our system. 



5. MEASUREMENTS ARE BUT APPROXIMATIONS 

You have noticed in measurement that a' high degree of 
accuracy is difficult. Some of the sources of error are: 
(1) The extremes of the segment measured may not fall 
exactly upon the divisions of the measure used and the dif- 
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ferences must be estimated; (2) the graduated scale used 
may not be exact; (3) the edge of the measure may not 
lie exactly along the line measured; (4) a tape line may 
stretch or contract; (5) the measuring scale may not be 
held rigidly and is thus allowed to slip. Great care will de- 
crease the errors, but not wholly eliminate them. 

1. Draw a straight line segment on the blackboard and let 
each student measure it. How nearly did your results agree ? 

2. Measure the length of a page in this book. How 
nearly do the lengths found by the class agree ? 

3. Measure the length of your desk and compare results. 

4. Measure the width of the blackboard and compare 
results. 

5. Using different yardsticks or rulers, measure the length 
of your schoolroom. How nearly do results agree ? 

6. If you are using a foot rule graduated to ^ in., how 
would you estimate the length of a line segment, one end of 
which fell between two scales of the ruler ? 

7. Estimate as nearly as you can the length of AB. 
A B 



TTT 



TTT 



TTT 



TTT 



TTT 



TTT 



Ml 



6. THE PRODUCTS OF APPROXIMATE NUMBERS 

As you have just seen, numbers derived from measure- 
ment are but approximate and hence when using them in 
finding areas or volumes the results obtained are no more 
dependable than the numbers used. This is shown in the 
problems that follow. 
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1. Find the area of a room whose dimensions are 18.6 ft. 
by 24.2 ft. 



18.6 DiBCUSSiOK. — 18.6 ft. means, in general, that the €X€u;t 
24 2 lei^gth lies somewhere between 18.55 and 18.64, and 6 is but 
an approximate number. In 24.2 the last 2 is also but ap- 
proximate. Hence the first partial product (372) is ap- 
proximate. In the same way it is seen that at least the 
right-hand figures of the second and third partial products 
are in doubt. Hence the zero of the quotient is in doubt 
and the real area is not known nearer than 450 with the last 
two figures in doubt. 

In general, the product found for two approximate numbers 
is not dependable to the same order or denomination as the factors. 
Thus, in the problem given, the tenths of the factors were in doubt, 
while in the product the ones' digit was in doubt. 



87 2 
744 
872 
450.12 

(No. of 
sq. ft.) 



2. Find the circumference of a circle whose diameter is 
12.8 ft. 



Discussion. — In general, the .8 of 12.8 is in doubt, and 
as you know, the 6 of 3.1416 is but the nearest number of 
ten thousandths. Hence all the figures in italics are in 
doubt. Moreover, if they were all dependable, no instrument 
would measure .00008 ft., and if it could be measured, such 
a degree of accuracy would not be needed in practical work. 
^0, 21^48 It seems useless, then, to find them, and a way to save work 
will now be shown. 



8.1416 
12.8 
^1328 
6283^ 
3141^ 



7. ABRIDGED PROCESS OF BnJLTIPLICATION 

Ab you have just seen in the last two examples, most of 
the work was useless. Not more than 40 or 40.2 of the' 
product of 40.21248 could be depended upon. Hence most 
of the work could have been saved. To do this we must 
multiply by the highest order first. 



.1 X 12.8 = 1.28; .04 x 12.8 = .51+ 

.001 X 12.8 = .01+, and .0006 x 12.8 is not needed. 
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WORK Explanation. — To have tenths in the final product, the 

'^g% a partial products were carried to hundredths so that the sum 

would be more accurate to tenths. Multiplying by 3, the 
^'^^^^ first partial product is 38.4. 

38.4 
1.28 
.51 

Qi You will observe that this abridged form saves more than 

'^TT^ half the work and gives all of the former answer that was 

^"•^ dependable. 

£y the abridged method^ find the products to tenths : 

1. 34.6 X 88.42. 6. 28.63 x 86.141.^ 

2. 9.362x84.52. 7. 88.64x37.68. 

3. 62.96x3.1416. 8. 96.07x85.28. 

4. 8.69 X 6.863. 9. 82.61 x 2.084. 

5. 36.81 X 49.28. lO. 86.39 x 7.106. 

8. PROPERTIES OF STRAIGHT LIKES 

Two straight lines that cross at a point are said to inter- 
sect. Two straight lines in the same plane that do not inter- 
(»ect are called parallel. 




iNTBBSECTINa LiNES PABALLEL LiNES 

1. > Mark two points, A and J?, on a sheet of paper. Using 
your ruler, draw a straight line that will pass through both 
points. Can you draw a second line through the same 
two points ? 
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2. Mark a point on a sheet of paper. Draw tvro lines 
through this point. Can these two lines intersect at some 

other point ? 

3. Mark a poiat on a sheet of 
paper. Using your ruler, draw four 
straight lines through the point as 
in the figure. How many other 
straight lines can be drawn through 
this point ? 

4. Mark two points and measure 
the shortest distance between them. 

f 

From the above problems we see the following properties 
of straight lines : 

1. Any number of straight lines can he draicn through a 
point. 

2. One and ardy one straight line can he draum through two 
points; hence we say that two points determine a straight line. 

3. Two straight lines can intersect in hut one point ; hence 
we say that two intersecting straight lines determine a point. 

4. The length of the line segment connecting two paints is 
the shortest distance hetween them. 

Note. — The segment connecting two points is taken to represent 
the distance between the points. 



1. Make a straightedge by folding and creasing a sheet 
of paper. 

2. If the edge of your ruler is placed so as to touch two 
points of a straight line, will it touch* the line, all along the 
ruler ? If it does not, what conclusion do we draw ? 
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3. Draw a line along the edge of your ruler on a sheet of 
paper. Now reverse the ruler, and place it touching two 
points on the line you have drawn and draw a line. What 
will show whether the edge of the ruler is straight or not ? 

4. Explain why a gun or any sighting instrument has 
two " sights " on it. 

5. Explain from the fourth principle above that a string 
stretched taut is straight. 

6. How could you locate a point known to be on each of 
two straight lines ? 

9. MEASURING AND COMPARING LINE SEGMENTS WITH 

COMPASSES 

Two things are said to coincide when they are placed in 
identically the same position throughout. 

Two line segments are equal if^ and only if,, they may be 
made to coincide. 

Compasses may be used to mark off equal segments on a 
straight line, to construct a segment equal to a given seg- 
ment, or to compare the 
length of two segments. 

Thus, to mark off on CD 
a segment equal to AB^ 
place one leg of the com- 
passes at A. Then adjust 
the compasses so that the 
other point falls at B. 

Then turn the screw so as 

to hold the legs in this posi- ^ ^ D 

tion. Then placing one leg at (7, mark the point E on CD 
where the other point falls. Then CE^ AB. 
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In the same way measure a segment by placing one point 
on a mark of your ruler and counting the distance to the 
mark where the other point falls. 

1. Draw a line segment and measure it by use of 
compasses. 

2. Draw two line segments of unequal length. Lay off 
on the longer a segment equal to the shorter. 

a 3. Draw a line segment twice as 

long as a given line segment. 

- —  4. Draw a line segment as long as 

the sum of segments a and 6. 

5. Lay off on 6 a segment equal to a, and thus show the 
difference in length between a and J. ^ . 

6. Estimate which of the two seg- / \ 

ments, a or 5, shown in the / ^ \ 
margin, is longer, then check ^ ^ 

your estimate by use of the compasses. 

7. Estimate which is longer, AB or CZ>, then 
3 5 with the compasses check your estimate. 

10. HOW TO BISECT A LINE SEGMENT WITH RULER AND 

COMPASSES 

Any line segment may be bisected as follows : Open the 
compasses so that the distance between the points is greater 
than half the length of the segment. 
Thus, to bisect AB open the compasses 

so that the distance between the points 

is more than half the distance from A to 

B. With the screw, clamp the arms so 

they will not change adjustment. Now with one point at 

A use the other to describe an arc. Then with one point at 



C 
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B describe an arc cutting the first arc in points P and Q. 
Connect P and Q^ and the intersection Q divides AB into 
two equal segments. Test the equality of J. (7 and OB by- 
use of compasses. 

1. Draw three line segments and bisect each. Test the 
accuracy of your constructions by use of the compasses. 

2. Divide a line segment into four equal segments by 
first bisecting it, and then bisecting each segment. By use 
of your compasses, see if the four segments are equal. 

11. M£ASUR£M£]fT AlTD PROPERTIES OF ANGLES 

Two rays drawn from a point form an angle, thus, the 
rays BA and BO form an angle. The rays are called the 
sides of the angle, and the point B where 
they meet is called the vertex of the angle. 

The symbol for angle is ^. Thus, 
"angle ABO'' is written ZABC. In 
reading or writing an angle expressed by 
three letters, the letter at the vertex is 
read or written in the middle. 

Sometimes an angle is denoted by one letter written 
between the two sides as Z a and Z b shown below. 






The size of an angle does not depend upon the length of 
the marks that represent the sides, but upon the relative 
direction of the sides. 
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The size, then, depends npon the amonnt of taming of one 
side about the vertex to make it fall npon the other. Thus, 
A a is larger than Z £, for one side would have to revolve 
farther to make it fall upon the other in Z a than in Z 6. 

An angle, then, may be defined as the amount of turning 
made by a line rotating about a fixed point in a plane. 

12. COMPARIKG TWO AHGLES 

The sizes of two angles may be compared by placing one 
upon the other so that their vertices coincide, and so that 

a side of one falls upon a side 
of the other, and then observing 
the position of the other two 
sides. Thus, in the figure 
Z ABD is larger than A ABC. 

In this figure we see that 

Z AB(7+ Z CB2> = Z A^C; and 

'A that Z ABB ^ZABC^Z. CBD. 

Two angles are equal if^ and ordy if^ they may he made to 
coincide throughout. If an angle is placed upon an equal angle 
80 that the vertices and a pair of sides 
coincide^ the other sides must coincide. 

1. Draw two angles. Name one 
ZABC and the other Z BEF. Cut 
out or trace Z BEF^ and place upon 
Z ABC so that E coincides with B 
and so that EB falls upon BC. 
Which angle is larger ? What angle shows the difference ? 

2. In the figure Zc = /.a-k- Z.b. If Za^Z.h^ then 
Z(7 = 2Zaor2ZJ. 

By tracing, make an angle equal to two given angles. In 
the same way make an angle equal to twice a given angle. 
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13. CLASSIFICATION OF ANGLES 

An angle whose sides extend in opposite directions, thus 
forming one straight line, y — "^ ^ 

is called a straight angle. / ^x 

Thus, Z ABO shown here i 1 

is a straight angle. o x> -^ 

Half of a straight angle 
is a right angle. Thus, an- 
gles a and h shown here 
are right angles. 

An angle less than a 
right angle, as angle A, 'is ^ 

an acute angle. An angle • 





\ 



\ 



less than a straight angle, but greater than a right angle, as 
angle m, is an obtuse angle. 

An angle greater than a straight angle, but less than two 
straight angles, as angles m and n shown below, are reflex 
angles. 




1 




46 



JUNIOR mOH SCHOOL MATHEMATICS 



14. THE MEASUREMENT OF ANGLES 

If a right angle is divided into 90 equal parts, each of 
these parts is called a degree, and is the principal unit qf 
measure in measuring angles. Thus, a right angle is equal 
to 90 degrees, written 90°. 

A degree is divided into 60 equal parts called minutes 
(written 60'), and a minute is divided into 60 equal parts 
called seconds (written 60"). 

TABLE FOR ANGULAR MEASURE 

i8o°= I straight angle 
90° = I right angle 



1° = 60' 
i' = 60 



!l 



The quadrant and the protractor are the instruments used 
for measuring the number of degrees in an angle. To use 





A Quadrant 



A Pbot&actor 



either instrument for measuring angle BAO^ the center 
is placed over the vertex A^ as shown above. The in- 
strument is then turned until the zero mark of the scale 
falls upon arm AB. Then the point where the arm AC 
crosses the scale shows the number of degrees in the 
angle. 
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1. Draw any angle and measure the number of degrees 
in it with a protractor. 

2. Make what seems to be a right angle, then measure it 
and see how nearly accurate you were. 

3. Make what you think would be an angle of 60°, and then 
measure the angle you made to see how accurate you were. 

4. Make what you think is an angle of 45% and then 
measure it. How nearly accurate were you? 




15. HOW TO CONSTRUCT AN ANGLE EQUAL TO A GIVEN 

ANGLE 

An angle may be drawn equal to a given angle as follows: 
To draw an angle equal to ^ ABC^ first draw a straight line 
as NO. Now with one leg of q 

the compasses at jB, the vertex 
of the given angle, describe an 
arc cutting the side BA and 
BC \TL D and E^ respectively. 
With the same opening, and one N P 
leg at some point P on line -flTO, 
describe an arc cutting NO at 
a. Next, place the point of one 
leg of the compasses at D and 
adjust the compasses so the 
other leg will fall at E. Now 
with the same opening, place one point at R and describe an 
arc cutting the arc already described at S. Draw a straight 
line from P through S and jLOPQ^Z.ABO. Test the 
equality of A OPQ and ABOhj use of a protractor. 

1. Draw any angle and construct a second angle equal to it. 
By use of the protractor test the accuracy of your construction. 
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2. Draw any two angles and then construct an angle equal to 
their sum. Test your construction by the use of a protractor. 

3. Draw any two angles and then construct one twice as 
large as their sum. Test the accuracy of your construction 
by the use of a protractor. 

4. Draw two angles and then construct an angle equal to 
their difference. Test the accuracy of your construction as 
in problem 3. 

5. Make any angle. Estimate its size and then measure 
it to see how accurately you estimated. 

6. Draw any angle. Then draw an angle three times as 
large. Test your accuracy by the use of a protractor. 

7. Use your protractor to draw angles of 15°, 30°, 45°, 60°, 
75°, and 120°. 

8. Make an angle that you think is 40°, and then measure 
it to see how nearly correct you were. 

9. Draw angles of any size as your teacher may direct 
and measure them to see how nearly correct you were. 

16. HOW TO BISECT AN ANGLE 

Any angle may be bisected (divided into two equal parts) 
by the use of compasses and a straightedge. The method 
is here shown. With one arm of the compasses at jB, de- 
scribe an arc cut- 
ting arms BA and 
BO in I) and K 
Now with D and 
E as centers, de- 
scribe arcs inter- 
secting in F, 
Draw BF and 
AABF:=.^ FBC. 
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1. Draw any angle and bisect it. Test the accuracy of 
your construction by the use of a protractor. 

2. Draw an angle nearly 90° and divide it into four equal 
parts. Test the accuracy of your construction by the use of 
a protractor. 

3. Draw two intersecting lines and bisect each of the four 
angles. 

4. Draw other intersecting lines and bisect the four angles 
thus formed and see if the same thing seems true of the 
bisectors. That is, see if the bisectors are perpendicular to 
each other. 

17. COMPLEMENTARY, SUPPLEMENTARY, AND VERTICAL 

ANGLES 

It is often necessary to refer to two angles whose sum is 
equal to 90°, or a right angle, as angles a and h. Such angles 
are called complementary, or one is said 
to be the complement of the other. 

a. What is {he complement of an 
angle 60° ? Of 45° ? Of 72° ? Of 80° ? 

Of 30°? 

2. By the use of compasses and a 
straightedge, construct the complement 
of a given angle. That is, make any acute angle and then 
construct an angle which with it makes 90°. 

3. By the use of a protractor and a ruler construct the 
complement of an angle of 35°. 

When the sum of two angles equals 180° or a straight 
angle, one is called the supplement of the other, or they are 
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called tttpplementary. Thus, in the figure, angle m is the 

supplement of angle r^ 

4. What is the supplement of 
an angle of 80° ? Of 90° ? Of 
120°? Of 115°? 

"" 5. Show how with a ruler 

alone you can construct the supplement of a given angle. 

6. What angle is 5 times its supplement ? 

Suggestion. — Form an eqnatioiL Let x equal the smaller of the 
two angles. 

7. Two angles are complementary. One is 2 times the 
other. Find each. 

8. One of two complementary angles is 10° larger than 
the other. Find each. 

9. When one of two supplementary angles is 40° larger 
than the other, what is the size of each ? 

10. Two times one angle is 10° more than its complement. 
Find the angle and its complement. 

When two straight lines intersect, they form four angles 
as shown in the margin. Of these, any two not adjacent are 
called vertical angles. Thus, x 
and y, and z and w are two pairs 
of vertical angles. 

11. What should you judge to 
be true of the sizes, compared 
with each other, of any two angles that are vertical angles ? 

12. With your compasses, measure each pair of vertical 
angles and compare them. That is, how does the size of x 
compare with y ? 
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13. In the figure shown how large is x + w? How large 
is y -\'W? 

Since x-^w^ 180° and y + w; = 180°, 

it follows that X'\-w=^y-{-w. 

Subtracting w from each member, 

x^y. 

Thus we have proved through a course of reasoning that 
vertical angles are equal to each other. 

18. THE EQUALITY OF SPECIAL ANGLES 

In much of the work of mathematics there are certain facts 
that we should know just as we know the multiplication tables 
in arithmetic, for we use the facts so often in certain matters 
that arise. 

Thus, since all straight angles are equal to 180®, 

1. Any two Btraight angles are equal. 

Since all right angles are equal to 90°, 

2. Any two right angles are equal. 

If Z a is the complement of Z 6, and Z (? is the complement 

of Z 6, then 

Za-|-Z6 = Z(?+Z6, 

for each pair equals a right angle. 
Subtracting Z h from each member, 

Z a sa Z <?. 

That is, 

8. The complements of equal angles are equal. 
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In the same way show that 

4. The 9upplement9 of equal angles are equal. 

Bead problem 13, page 51, and show that 

5. Vertical angles are eqa€d, 

1. In the figure given in the 
margin tell at sight how many 
degrees in each angle and tell 
how you know. 

2. If one of the four angles 
made by two intersecting lines 
is 90% what do you know about 
the others ? Why ? 

3. If three straight lines in- 
tersect as in the margin, how 
many of the six angles should 
you have to measure in order 
to know the size of aU? If 
Z a = 40° and Z 6 = 60°, tell the 

size of each of the others. 

4. In the figure in the margin 
Z 1 = 40° and Z 3 = 50**. How 
large is angle ACB? Explain 
how you know. 

5. In the adjoining figure, 
AAOB and 
Z COD are ^ 
right angles. 

Explain why Z- AOC must equal Z BOB. 
6. The angle of elevation of the sun 
above the horizon, as Z SAB^ may be measured as follows: 
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A quadrant is held in a vertical position, so that a plumb 

line AB^ which is suspended from a pin at A^ falls upon 

the 90° mark. The shadow of the pin 

falls upon the scale at (7, which shows the 

angle of elevation of the sun. Explain 

why. 

7. Tycho Brahe (1546-1601), a Dan- 
ish noble who built and operated the first 

real astronomical ob- 
servatory, contructed and used a big 
quadrant for measuring the altitudes of 
the stars, or their angles of elevation 
above the horizon. When the instru- 
ment was held in a vertical position and 
the sights A and B aligned with the star 
aS, the angle of elevation of the star was de- 
termined by reading Z CAD. Explain why. 




19. PARALLELS AlTD TRANSVERSALS 

When a straight line intersects two or more straight lines 
it is called a transversal of these lines. A transversal of two 
lines makes four angles at eg^ch intersection. These eight 
angles are so important when the 
two intersected lines are parallel 
that they are named as follows: 

Angles 3, 4, 6, and 6 are in- 
terior angles. 

Angles 1, 2, 7, and 8 are ex- 
terior angles. 

Such angles as 1 and 5 are called corresponding angles. 

The pairs 3 and 5, and 4 and 6 are alternate interior angles. 
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The pairs 2 and 8, and 1 and 7 are alternate exterior ajEgles. 

The pairs 4 and 5, and 3 and 6 are omseciitiye interior 
angles. 

The pairs 1 and 8, and 2 and 7 are consecntiye exterior 
angles. 

When the intersected lines are parallel, there are certain 
pairs whose angles are equal. These will be shown in 
what follows. 

aO. COMPARING CORRESPONDING ANGLES 

Carefully draw two parallel lines by use of your ruler or 
trace two parallel lines on ruled or squared paper and draw 

-, a transversal. 

Compare any two of the cor- 
A /X B responding angles by use of a 

protractor. Draw a new figure 
and make similar measurements. 
■^"~'~" What is your conclusion ? 

If carefully drawn and care- 
fully measured, you found that 

If two parallel lines are cut by a transversal^ the correspond'- 
ing angles are equal. 

Establishing Truth by Reasoning 

The geometric truth discovered above was done by actual 
measurement. This method of discovering truths is a slow, 
and often unsafe, method of establishing general truths. It 
is better when possible to arrive at general truths through a 
process of reasoning based upon known facts. 

From the facts already known from measurement many 
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new facts can be established through a course of reasoning, 
as will be shown in the proofs that follow. 

25q"oTE. The first four facts proved are important and should be re- 
membered. 

1. Prove that if two parallel lines are mtby a transversal^ 
the alternate interior angles are .^ 

equal, 

A /3 B 

Proof : Z 1 = Z 3, for they are 

vertical angles. And Z 2 = Z 3, 
for they are corresponding angles, g^ 
Then Z1=Z2, for they both 
equal Z 3. 

The last statement is based 
upon the evident fact, called an axiom, that 

Things which are equal to the 
same thing^ or to equal things^ are 
equal to each other. 

2. Prove that if two parallel 
lines are cut hy a transversal^ the 
alternate exterior angles are equal. 

Suggestion. — Find angles that 
you know to be equal and follow the 
line of proof given aboTe. That is, prove that A 1 and Z 2 are each equal 
toZ3. _ 

3. Prove that if two parallel lines 
are cut by a transversal, the consecu- ^, 
tive interior angles are supplementary. 

Suggestion. — You are to prove that ^ 
Z 1 + Z 2 = 180°. What do you know 
about Z1 + Z3? What do you know 
about A 2 and 3 ? 
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4. Prove  that if two paraUA 
lines are cut by a transversaly the 
consecutive exterior angles are 
supplementary. 

Suggestion. — Prove Z 1 +Z 2 = 180°. 
What do you know about Z2 -h Z3? 
About zJ3 and 1? What is yoizr con- 
clusion ? 



5. In the figure in the 
margin, two parallel lines are 
cut by two parallel transvers- 
als making one angle 30°, as 
shown. Tell, without measur- 
ing, the size of all the other 
angles formed. 




21. HOW TO DRAW A LIITE THROUGH A GIVEN POINT 

PARALLEL TO A GIVElf LIKE 

You found by measurement that if two parallel lines are 
cut by a transversal, the corresponding angles are equal. 

Now suppose that line MN cuts line 
fM -A-B, making an angle of 40°. Select 
-?>^r some point on MN as point X and 
-^ with XM as one side, make an 
angle of 40°. Produce AB and 

A X^' B GI^ as far as your paper will allow. 

Make similar constructions for 
N^ other angles. What is your con- 

clusion ? 
What seems to be true from measurement and construc- 
tion is proved in geometry by a course of reasoning to be 
true. That is, 
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If two straight lines are cut by a transversal making the 
corresponding angles equals the lines are parallel. 

Since two right angles are equal, it 
follows that 

If two straight lines are perpendicular 
to the same straight line^ they are parallel, 

1. In using the T-square to rule par- 
allel lines, what principle is used ? 

2. When a carpenter marks off parallel 
lines with a carpenter's square as shown 
in the figure, what principle is he using ? 
3. Using either of the two princi- 
ples given, by use of straightedge 
and compasses, draw through a given ^ 
point a line parallel to a given line. 

Suggestion. — Through P draw EF ^ 
cutting AB, With P as a vertex and 
PE a side, construct an angle equal to the 
angle made by EF and AB, 

4. Study the figure in the margin 

and show how by use of a draftsman's 
triangle and a ruler, a line may be 
drawn through P and parallel to AB. 

5, Draw through a point a line 
parallel to a given line, by use of 
straightedge and compasses, as in 

problem 3, untU you can do it accurately and with ease. 

6. By use of a ruler and a triangle, as in problem 4, draw 
through a given point a line parallel to a given line. Repeat 
the construction until proficient. 

7. Make a large triangle of wood and use it in making 
parallel lines on the blackboard. 





CHAPTER IV 

PROPERTIES AND USE OF THE TRIAH6LE 

1. THE HOTATIOH OF TRIAHGLES 

Whex three points not in a straight line are connected 
by three line segments, the figure formed is called a triangle. 

The three points are called the 
vertices of the triangle, and the 
line segments are called the sides. 
Thus, the figure shown here is 
,ff called a triangle ABC, or A ASC 
A, B, and C are the vertices. The 
sides opposite the vertices are called a, 6, and c, respectively. 
The sides are also read AB, BC, and CA. The three angles 
formed by the sides, as angle ABC, are called the interior 
angles of the triangle. They are usually denoted by the 
letter at the vertex only, as ZA,ZB,Z C. 

C 





J) 

When a side is extended through a vertex, as AB ex« 
tended to 2>, the angle DBC is called the exterior angle 
atjB. 

58 
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2. TRIANGLES CLASSIFIED AS TO SIDES 

In referring to triangles it is sometimes convenient to 
classify them as to sides. 

A scalene triangle is one that has no two sides equal. 
An isosceles triangle is one that has two sides equal. * 
An equilateral triangle is one that has all three sides equal. 






ScALENB Isosceles Equilatbraii 

In an isosceles triangle the vertex formed by the two equal 
sides is called the vertex of the triangle and the other side 
is its base. 

In an isosceles triangle the base angles are equal. 

1. By use of compasses and a straightedge construct a 
triangle whose sides are three given segments. 

Suggestion. — Draw a straight line and lay off AB = c. Then 
from A describe an arc with radius 6, and from B describe an arc with 
radius a and let them in- 
tersect at C 

2. Construct an isos- 
celes triangle with a 
given base and given 

sides. 

3. Construct an isosceles triangle each of whose equal 
sides is twice the base. 

4. Construct an equilateral triangle each of whose sides is 
a given length. 
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3. TRIAFGLBS CLASSIFISD AS TO AVGLSS 

Triangles are often classified as to angles as follows: 

An acute triangle is a triangle having all its angles acute. 
An obtuse triangle is a triangle having one obtuse angle. 
A right triangle is a triangle having one right angle. 
An equiangular triangle has all of its angles equal. 

An equiangvlar triangle is also equilateral. 







ACUTK 



Obtusk 



RiOHT 



Equiakouulk 



In a right triangle the side opposite the right angle is 
called the hypotenuse and the other two sides are called the 
legs, of the triangle. 

1. Construct a triangle having two given sides and an 
angle equal to a given angle. 





Suggestion. — Lay off a line equal to c. Now with c as one of its 
sides, construct an angle equal to A. Lay off on .4 C a segment eqnal 



toft. 



2. Construct a right triangle with its legs equal to two 
given segments, say 2" and 3". 

3. Construct an isosceles right triangle with each of its 
legs equal to a given segment, say 2". 
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4. Construct a right triangle with one leg and the hypot- 
enuse a given length. (The hypotenuse must be longer than 
the leg.) 

5. Construct a right triangle with the hypotenuse twice 
as long as one of its legs. 

4. THE ALTITUDES AND MEDIANS OF A TRIANGLE 

The perpendicular from any vertex of a triangle to the 
opposite side is called an altitude of the triangle, and the 
side to which it is drawn is called the corresponding base. 

A line segment joining any vertex 
of a triangle with the middle point 
of the opposite side is called a median 
of the triangle. 

1. How many altitudes has a tri- ^ 
angle ? 

2. Draw any acute triangle and carefully draw its three 

altitudes. 

3. Draw other acute triangles and 
construct their altitudes. Do the 
altitudes seem to meet in the same 
point ? Do they seem to meet within 
or without the triangle ? 

4. Draw an obtuse triangle. Draw the altitude from one 
of the acute angles. 

Suggestion. — The side opposite the acute angle must be produced. 
The altitude is said to meet the opposite side on the side produced. 

5. Draw a right triangle. From either acute angle, draw 
an altitude. 





62 



JUNIOR HIGH SCHOOL MATHEMATICS 




6. When all the altitudes fall within the triangle, what 
kind of triangle is it ? 

7. When an altitude coincides with one of its sides, \^hat 
kind of triangle is it ? 

8. When an altitude meets the opposite side produced 
through a vertex, what kind of triangle is it ? 

5. UEASURDTG THE DTTERIOR ANGLES OF A TRIANGLE 

1. Draw a triangle, ABC^ and 
carefully measure each of its angles 
with a protractor. Add the three 
angles and find the sum. 

2. Draw at least three other 
triangles and find the sum of the three angles. 

3. Draw a triangle on paper or cardboard. Xow tear off 
the corners and place the three angles adjacent as in the 
figure. What seems to be the size of 
the angle formed by all three angles? 
Test your answer by use of a straight 
edge. 

4. Draw a large triangle whose sides are from 6 to 10 
inches and measure as follows : Lay a pencil along AS as 

in the figure. Then ro- 
tate the pencil through 
angle A as indicated by 
the arrow. Then move 
along J. C to the position 
at C and again rotate 
through angle C as 
shown by the arrow. 
Finally n?ove along CB 



•■ZM\ 
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to the position shown and rotate through angle B. Com- 
pare the directions of the pencil with its original position 
and see what part of a complete turn it has made. Then, 
again, the sum of the three angles seem to be equal to how 
many degrees ? 

From the three iliethods used you have perhaps inferred 
the following important truth, that 

The 9um of the three angles of any triangle is equal to 180°. 

This is one of the most important truths of geometry. 
Thus, if one knows two angles of any triangle, the third 
angle is known. Or, if one acute angle of a right triangle 
is known, all the angles are known. 

5. From facts that you know from the last chapter, you 
could have proved the fact given above, through a course of 
reasoning. 

Suppose BM is drawn parallel to AC^ what do you know 
about angles A and x ? What do you know about angles C 
and y ? Since ABNi^ a straight 
line, what do you know about 
the sum of angles -B, y, and x ? 
Since Z.X'\- Z. B ^ Z.y ^ 180°, 
what do you know of Z J. -f- 
Z B -\- Z.C? You have thus 
established through a course of reasoning the fact inferred 
from measurement. 

6. If the three angles of a triangle are equal, what must 
be the size of each ? 

7. If one angle of a triangle is 60°, and another 60°, what 
is the third ? 

8. If one angle of a right triangle is 30°, what is the size 
of the other acute angle ? 
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9. If one angle of a triangle is a right angle, why must 
the other two angles be complementary ? 

10. If the three angles of a triangle are rr, 2 x^ and 3 x^ 
how many degrees in each ? (Form an equation.) 

U. In a certain right triangle, one acute angle is four 
times the other. What is the size of eacli ? 

12. If two angles of a triangle are each equal to 60°, how 
large is the third ? 

13. One acute angle of a right triangle is 20° larger than 
the other. What is the size of each ? 

14. In triangle ABC^ ZA is 15° larger than ZS and 
20° smaller than Z (7. Find the size of each. 

15. In a certain triangle one angle is twice the smaller and 
the other six times the smaller. What is the size of each ? 

16. One acute angle of a right triangle is four times the 
other. What is the size of each ? 

17. If the vertical angle of an isosceles triangle is 80°, 
what is the size of each of the equal angles (called btise 
angles^? 

6. THE CONGRUENCE OF TRIANGLES 

If one of two figures may be placed upon the other so that 
they coincide throughout, the figures are called congruent. 

1. Draw upon cardboard or paper a large triangle AJBC. 
Construct a second triangle DEFm that DE=AB, DF=iAC^ 
and Z i> = Z ^. 

Suggestion. — Study the figure and see how A DEF was constructed. 

c ^ 
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2. With shears, cut out A JDEF^ which you constructed in 
problem 1, and place it upon A ABO and observe that they 
may be made to coincide. 

The general truth observed in problem 2 is, 

If two sides and the included angle of one triangle are equal 
respectively to two sides and the included angle of another tri- 
anglcj the two triangles are congruent. 

3. Draw a triangle ABC. Draw on cardboard or paper a 
second triangle BEF with BE = AB, Z.B ^ Z.A^ and 
Z. E= Z B. Cut out A BEF and apply it to A AB C. What 
seems to be true ? 

The general truth of what seems to be true in problem 3 is, 

If two angles and the included side of one triangle are equ^d 
respectively to two angles and the included side of another^ the 
two triangles are congruent. 

4. Draw any triangle ABC. On cardboard or paper con- 
struct a triangle BEF with BE ^ AB, EF ^ BC, and 
BF =AC. Cut out A BEF and apply it to A AB C. What 
seems to be true ? 

The general truth of what seems to be true in problem 4 is, 

If three sides of one triangle are equal respectively to the three 
sides of another^ the two triangle^s are congruent. 

The three important truths that you have just learned 
about congruent triangles are proved in geometry by a course 
of reasoning. They are among the most important truths of 
geometry. 
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7. DISTANCES AND ANGLES COMPARED BY CONGRUENCE 

OF TRIANGLES 

Since the corresponding parts of congruent triangles are 
equal, angles and distances can be measured by means of the 
truths just learned. 

1. In order to find the distance from A to £ across a lake, 
surveyors measured off a straight line AO and extended it 
to D so that 01)=^ AC. Then they 
measured the distance BO and ex- 
tended BO to U so that OE ^ BO 
Then they measured the distance from ^ 
E to D. Prove that AB equals the measured distance DE. 

Suggestion. — Prove the triangles congruent. 

2. The distance AB across a stream may be found as 
follows: Measure AO dit right angles to AB. Locate a point 

2> halfway between A and O. Measure CE 
at right angles to ^(7, to a point E in line 
with B and B. Prove that AB equals OE. 

3. The Greeks as early as the time of 
Thales (640-646 B.C.) determined the dis- 
tance AP of a ship from shore by means of the congruence 
of triangles having two angles and the included side of 
one equal respectively to two angles and 
the included side of the other. They 
measured Z. 1 and Z 2. Explain how they 
were then able to mark off a distance on 
the shore equal to AP and thus find the 
distance AP. 

4. The distance from A to an inaccessible point B may be 
found approximately without instruments as follows: Stand 
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at ji and look at -B, raising or lowering the head until your 

hatbrim falls in the line of sight. Then; without raising 

or lowering the head, turn about, 

and observe the point C at which 

the line of sight strikes the ground. 

Pace the distance from A to C. In 

the diagram, D represents the position of the eyes. Prove 

that AB== AO. 

5. Thales (problem 3) is said to have made an instru- 
ment for determining the distance BP of a ship from shore. 

It consisted of two rods AC and 
AD^ hinged together at A, Rod 
AD was held vertically over point 
B^ while rod AC was pointed 
toward P. Then, without chang- 
ing ZBACy the instrument was revolved about AI)^ and 
point Q noted on the ground at which the arm AC was 
directed. BQ was then measured. Prove that BP=^BQ. 

6. An instrument used as late as the sixteenth century for 
finding the distance from A to an inaccessible point B was 
called a cross staff. It consisted 
of a vertical staff AC to which 
was attached a horizontal cross- 
bar BE that could be moved up 
or down on the staff. Sighting 
from C to B^ BE was lowered or 
raised until (7, E^ and B were in 
a straight line. Then the instru- 
ment was revolved about CA and the point F at which the 
line of sight CE met the ground marked. The distance AF 
was then measured. Prove that AB=^AF. 




Note. — Students may easily make and use this instrument. 
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7. The calipeTS shown in the drawing may be naed for 
measoring the thickness of objects, sach as the diameter of 

pipes, the diameter of trees in 
forestry, etc. AD and SO are 
pivoted at M, Points A^ M^ 
and 2) are in a straight line. 
Jf is the middle point of both AD and BC. Prove that the 
distance between A and B equals the distance between C 
and 2). Hence exphdn how the instroment may be used. 

8. Every one is familiar with the fact that if an object 
is placed before a phme mirror, its image appears to be as 
far behind the mirror as the object is in 
front of it. Jf is an edge view of a 
mirror. Light from an object at A 
strikes the mirror at 2> and is reflected 
to the eye at S, The mind projects 
the line ED through the mirror to J?, forming the image at 
B. It is known from science that /. MDE = Z ADC and 
that CDJlAB (i.e. CD is perpendicular to AB}. Prove 
that CB^AC. 

9. K two oblique line segments drawn from a point on a 
C perpendicular to a line cut off equal dis- 
tances on the line from the foot of the 
perpendicular, prove that the oblique seg- 

B ments are equal. 

10. Nail three strips of wood together 
so as to form a triangle, using only one 
nail at each joint. Is this frame rigid, 
or can it be changed into different shapes 
by exerting pressure upon it? Through what principle of 
the congruence of triangles would you have inferred the re- 
sult? 
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11. In the same way nail four 
strips of wood together as shown 
in the drawing. C^n this frame 
be changed into different shapes 
by exerting pressure upon it? 

12. Why is a roof sufficiently 

braced when a board is nailed across each pair of rafters ? 

13. Why is a long span of a 
bridge in which the truss is 
made with queen posts and diag- 
onal rods, as shown in the draw- 
ing, sufficiently supported? 

14. The drawing shows a piece 
of a bridge called an inverted king- 
post truss. AB and CD are steel 
bars resting on a plate M. The 
plate i!f is supported by wire ropes EA and ED. Show why 

this structure will support a heavy weight 
placed upon it. 

15. In the kite shown in the figure, 
AB^ AG^rABD^ CD. Prove that AD 
bisects /.BAC and Z BDC. 

16. In the angle BAC, FC±ACy 
PB -L AB, and JP (7 = PB. Prove that 
JLP bisects Z ^^(7. 

17. A carpenter bisects an angle BA C 
with his steel square as follows: He marks q& AC and AB 
of equal length on sides of the angle. Then he places his s^quare 

^C^^.^^ so that MC = ibfS, as shown in the draw- 
^ ing. Then he marks the point M at the 
heel of the square, and draws AM. 
Prove that AM bisects Z BA C. 






CHAPTER V 

POSITIVE AHD 1I£GATI¥£ BOMBERS: 
ADDITH>B ABD SUBTRACIIOB 

In mathemjitios \(^ need to use numbeis oppoMitt in nature. 
That is* numbers such thai if one means a gain, the other 
means a K^ss: or if one number means a temperature above 
reiw the other means a temperar»ine below zero; or if one 
means a dist^uiv east of a civen iH:»inu the other means a dis- 
tanoe wost of it; eto* 

1. OPPOSITE BUMBESS IB SOQKIBG GAMES 

You have no di^iln plavtxl <ra^^^^>t^ i^ wtich tou scored a 
certain ar,"ivv,:r.t if v^va w,^Ti ar.d -^w-rTit in rbehole" if you 
htst^ Thus* Wci*'i*^i-C ^*h ijxr.lnfr v^- a -zeio score" vou 
n«> ha\x^ missiv* and Tev\>?vied "^ « It: ibe h:ilr,~ thus T. The 
ii>oxt triiil \ vV«; r.i,^Y have ^N>Ted § ar^d tben vou cx^unted off 2 
aT>d h^d a ?v\^re of 1, Or vo^a r:iiv li&ve -s-coe in the hole 
,V" Thi n s.^v^rir,;:r i^ Vvva -ic^t^? >.:.1I ~ S i^i libe hole,"* Thus 

I'h^e V::^d a^^^iM to vo»ur ir^al svvire or iDCVBaaed it; the 
ox-iv^^r ^a-as tn/ki r, tVv^n^ xvc;r tiwiw 5o:»re cc jtaseaM^l it. Any 
^*ore inv roasir*^ >%Y,^r f.r.al ^*.v^rJf rr..cr.i iiive Iwieii called a 

Tl.;^s^ a 5*vv^r^^ a.;d;r*c ^ to ;ih<^ t. cj^ ^.v^Ii haTe becK written 
^ ,V >fc^:> ^^^ ;r, uv Kxc ^ .\v^.d i»ivt l^«i wiitxai— 5. 
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WHO WON? 




WHO 


WON? 




Frank 


John 




Frank 


John 


1st score 


3 


2 




+ 3 


+ 2 


2nd score 


® 


2 




-2 


+ 2 


3rd score 


4 


® 




+ 4 


-3 


4th score 


® 


2 




-2 


+ 2 


6th score 


1 


® 




+ 1 


•-1 




4 


2 




+ 4 


2 


WHO 


WON? 




WHO WON? 


Helen 


Mary 




Helen 




Mary 


© 


2 




-5 




2 


2 


® 




2 




-4 


4 


3 




4 




3 


® 


® 




-3 




-2 


1 


1 




1 




1 


® 







-1 








Note. — When no sign is written before a number it is considered 
positive. 

If these represent scores made in jive triads find the final score : 



. 1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



3 


-2 


8 


9 


-5 


6 


-1 


6 


-4 


3 


-5 


-6 


-3 


2 


3 


-3 


-2 


2 


-3 


5 


8 


-5 


-5 


4 


6 


-4 


4 


-4 


2 


-3 


4 


2 


1 


2 


2 


-3 


-4 


4 


2 


-1 



9. Tell how you found the final scores in the exercises 
given above. 
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Find the final score : 

10. 11. 12. 13. 14. 15. 16. 17. 



-3 

-2 


4 
2 


-5 
3 


-3 

7 


6 
3 


-8 

-2 


7 
-3 


- 8 
4 


1?. 


19. 


30. 


21. 


22. 


23. 


24. 


25. 


-3 
-1 

-6 


4 

2 
6 


-5 
3 

7 


-2 

-4 

6 


4 

3 

-5 


-4 
-6 

7 


6 

-2 
4 


-5 

-6 

7 



7%€ number regardless of the sign is called the absolute value 
or numerical value. 

26. In exercise 10, explain how you got — 5 for the final 
score. 

27. In exercise 11, explain how y6u got 6 for the final 
score. 

28. In exercise 12, explain how you got — 2 for the final 
score. 

29. In exercise 18, explain how you got 4 for the final 
score. 

Observe, then, that you found the scores as follows: 

1. When the signs were alike ^ you added the absolute valties 
and prefixed the sign of the addends to the sum, 

2. When the signs of the two addends were wnlikej you found 
the difference between the two addends and prefixed the sign of 
the larger. 

This is called algebraic addition. 
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Find the final scores: 

30. 31. 32. 33.' 34. 35. 36. 37. 

4_8 9-6 3.-4 9-3 

-5 6-3-2 8 8 3-8 

6-2-2 5 -5 -6 -7 6 

-3 3 4 4-2-7 6-2 

38. Tell how you found each final score. 
Observe, then, that in adding signed numbers you took 
the following steps: 

1. Add the positive and negative numbers separately. 

2. Find the difference between the absolute values of the sums. 

3. Prefix the sign of the greater of the two sums. 

Add : 

39. 40. 41. 42. 43. 44. 45. 

28 -42 48 53 -72 -84 34 

-36 96 66 -18 -36 28 -92 

-42 78 -32 -47 -28 -36 -75 

34 _64 -45 93 42 53 -19 

96 -87 96 85 75 -86 46 



2. A FURTHER MEAITING OF NEGATIVE NUMBERS 

In the scoring games that you have considered, you saw 
that a negative score was to be subtracted. Thus, a score of 
5 and — 3 gave a final' score of 2 ; and a score of 3 and 
— 6 gave a final score of — 2. You saw, too, that if you 
have a score of — 2 and a positive score is made, 2 must be 
taken from it. Thus you see two new meanings of a nega- 
tive number. That is, 
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1. A negative number is in nature a subtrahend. 

2. A negative number indicates a reserved subtraction. 

A negative number, then, makes subtraction always pos- 
sible. Without it, the minuend must always be larger than 
the subtrahend. 

Thus, in the formula A = b — c^ when 6 = 6 and ^ = 2, 
J. = 4. But when 6 = 2 and c =6, * J. = — 4. That is, to 
take 6 from 2 is only possible by taking 2 from 2 and having* 
— 4 left as a reserved subtraction. 

Thus, if you have $ 6 and owe $ 2 you are yet worth $ 4, 
for $6-$2 = f4; if you have $6 and owe $6, you are 
worth #0 or nothing, for $ 6 - f 6 = $ ; but if you have f 6 
and owe $ 10, you could pay but f 6 of it and still owe $ 4. 
That is, you are worth — $ 4. This is represented by 
$6-$10 = -$4.. 

3. OPPOSITE NUMBERS USED TO REPRESENT 

TEMPERATURE 

Temperature is often represented by opposite num- 
bers, " above zero " being represented by a positive 
number, and " below zero " by a negative number. 



100 



70m 1. At 8 A.M. the temperature in a certain town 

was + 3°. At 1 P.M. it. was -h 8°. How many 
32^ degrees did the temperature rise ? 

2. If it is -t- 4° at 7 a.m. and rises 6° during the 
day, what will represent the temperature at the end 
0^ of the day? 

i^ J 3. If the temperature is -f 3^ at 6 p.m. and falls 

12^ during the night, what will then represent the 
temperature ? 
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4. If the temperature is — 3®, what will it be when 
there is a rise of 10^ ? When there is a fall of 10^ ? 



J^iTid the difference in temperature: 

5. - 3^ and + 4^ 9. 

6. - 3° and - 8°. 10. 

7. + 2° and - 10^. 11. 

8. - 5° and + 14°. 12. 



+ 8° 


and - 


-8°. 


-10 


°and 


-2°. 


+ 4° 


and - 


-4°. 


-3° 


and - 


-8°. 



Qive the rite in temperature: 

13. From + 3° to + 8°. 

14. From - 2° to + 6°. 

15. From - 8° to - 2°. 

CUve the fall in temperature: 

19. From + 2° to - 6°. 

20. From - 3° to - 10°. 

21. From + 3° to - 1°. 



16. From -20° to -5°. 

17. From - 5° to + 15°. 

18. From + 2° to + 12°. 

. From + 18° to + 12°. 

23. From + 4° to - 4°. 

24. From - 3° to - 18°. 



Letting + denote a rise in temperature, exercises 13-18 
may be written : 



+ 8° 
+ 3° 

+ 6° 



+ 5° 
-2° 
+ 7° 



-2° 
-8° 
+ 6° 



- 5° 
-20° 
+ 15° 



+ 15° 

- 5° 
+ 20° 



+ 12° 
+ 2° 
+ 10° 



Letting — denote a fall in temperature, exercises 19-24 
may be written : 

_5» -lO" -i" +12° -4° -18° 

+ 2° - 3° +8° +18° +4° - 3° 



-T 



- T 



-4' 



- 6* 



-8' 



-16° 
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If we nse the same terms nsed in arithmetic, calling 
finding a difference subtraction, the number from which we 
begin to count the subtrahend and the one to which we count 
the minuend, the problems in temperature illustrate algebraic 
subtraction. 

Note. — The lower number or sabtrahend is the one from which we 
count. Use + to denote a rise and — to denote a f alL 

Subtract as in the preceding exercises : 

25. 26. 27. 28. 29. 30. 31. 

+ 10° +8° -12^ -16° 4-12° - 6° +2° 
■f 5° -3° - 4° + 3° - 5° -17° -10° 

Observe exercises 25 to 31 and notice an illustration of the 
law that 

Algebraic svhtraction is changed into algebraic addition by 



cnangvng tne sign 
Subtract : 


, oj tne nu, 


uranena. 








32. 33. 


34. 


35. 


36. 


37. 


38. 


+ 54 -38 


+ 21 • 


-35 


-12 


+ 17 


-12 


+ 19 - 16 


-38 


+ 16 


+ 42 


-16 


-54 



4. SIGNED NUMBERS USED IN STOCK QUOTATIONS 

If you will refer to the stock quotations of a daily paper 
you will notice that the " net change " in the price of stock 
is indicated by plus and minus signs. A glance at the right- 
hand column shows the extent of the rise or fall of a certain 
stock from the preceding day. 
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NEW YORK STOCK DEALINGS 

Fluctuations on July 10, 1920. 



Net 
High Low Close Chge. 

88* - I 

94 - 



Shares 

200 A jaz Rubber 65} 65} 

100 AlUs-OhalmerB 88} 88} 

800 Am. Beet Sugar 94 94 

1600 Am. Locomotive 102} 102 102 — 

500 Am. Ship AC. 24f 25| 24} - 

400 Am. Sm. Sc R. 62 61f 62 - 

18100 Am. Woolen 95} 90} 91} -4} 

8000 Baldwin Loco. 124| 128| 128}- | 



i 



Net 
Shares High Low Close Chge. 

2600 Baltimore & O. 88} 82| 88}+ } 
6100 Canadian Pacific 122| 118} 121} + 2} 



200 Chi. Pneu. Tool 98 97 

1200 Chi., M. & St. P. 85 34} 

1700 Columbia Graph. 81f 81 

800 Gen. Electric 144 144 



12000 Gen. Motors 
17800 InviBible OU 



27} 26} 
44} 42} 



97 -8} 
85 + f 
81 - } 

144 + } 
27 
44i+8 



1. Which stocks rose, and how much, over the price of 
the preceding day ? 

2. Which stocks fell, and how much? 



5. THE USE OF SIGNED NUMBERS TO DISTINGUISH 
BETWEEN OPPOSITE DIRECTIONS 

Signed numbers furnish a convenient means of denoting 
distance and direction. People have agreed to call distance 
east of some starting point positive and distance west negative. 
Thus, a point may be completely described on a " distance 
scale " by the use of signed numbers. 



I 









I 



A' 

_L_ 



S 
J_ 



A 

I 



B 

I 







B 



H 

I 



_25 -20 -15 -10 -5 +5 +10 +15 +20 +25 

Thus, + 10 denotes 10 units east of starting point S; and 
— 20 denotes 20 units west of the same starting point. 

1. What is the distance from Ato E? 

2. What is the distance from A' to Bf 

3. What is the distance from B to (7' ? 

The process of finding the distances in exercises 1, ^, and 3 
may he called algebraic subtraction. Notice that the results 
a^ree with those of the last section. 
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Thus, from A to U is 20 units east, or + 26 — ( + 6) = + 20 ; 
from -4.' to 5 is 20 units east, or -f 10 — (— 5) = + 15; 
from^to (7' is30 units west, or - 20 - ( + 10) = - 30. 

Written in columns for subtraction we have: 

+ 25 +10 - 20 

+ 5 - 5 +10 

+ 20 +15 -30 

Thus, we have a second illustration of subtraction conform- 
ing to the first, that is, algebraic subtraction is changed into 
algebraic addition by changing the sign of the subtrahend. 

4. If you should start from zero and travel + 5 units, then 
— 2 units, where should you be with reference to the starting 
point ? 

This illustrates algebraic addition. That is, the result is 
the difference between the absolute values with the sign of 
th^ larger prefixed. 

Show that the following results conform to the results from 
algebraic addition : 

5. Travel from zero, +8, — 3, and + 2. Where should 
you be ? 

6. Travel from zero, — 2, + 10, and — 3. Where should 
you be? 

7. Travel from zero, — 7, +2, and + 10. Where should 
you be? 

8. Travel from zero, — 10, — 5, and + 12. Where should 
you be? 

Longitude east of the prime meridian is usually indicated 
by a plus sign and longitude west by a minus sign. 
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Qive the difference in longitude between: 

9. A point + 30° and one — 10°. 

10. A point - 20° and one - 40°. 

11. A point + 10° and one + 80°. 

12. The above answers required only the absolute number 
of degrees. In fact, a signed answer could not be given. 
Why? 

13* A man travels from a city, longitude + 3°, to one 
whose longitude is + 12°. Through how many degrees and 
in what direction did he travel ? 

14. Show in what way the above solution may be con- 
sidered algebraic subtraction, and that the answer indicates 
both the distance (in degree) and the direction. 

6. GENERAL OBSERVATION OF SIGNED NUMBERS 

You have seen in the general uses of signed numbers that 
a negative number denotes the opposite of a positive number. 
If 4- denotes gain^ — denotes loss; if -f- denotes direction 
east^ — denotes direction west; if -f- denotes temperature 
above zero, — denotes temperature below zero. 

A negative number may always imply a reserved subtrac- 
tion^ so when combined (added) to a positive number it tends 
to subtract from, or destroy of, the positive number a part 
equal to itself. 

1. If, on two sales, I lose $15 on one and gain $25 on the 
other, what is the net result? 

Considered as algebraic addition this may be written 

-$15 
+ $25 
+ $ 10, the result showing a gain of $ 10. 
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2. I have $350 and owe 1600. If I pay the $360 on my 
debt, what do I still owe ? 

As algebraic addition this may be written 

+ i350 
-$500 
- $150, showing that I still owe $160. 

3. Letting + 38 represent the number and direction of the 
automobiles passing a certain point traveling north, and 
— 48 the number and direction of those passing the same point 
traveling south, indicate that the algebraic sum shows the 
excess going south. 

4. Letting + 2400 represent the number of gallons of 
water pumped into a tank and — 1600 the number drawn out 
during the same time, add the two numbers and interpret the 
result. 

5. In problem 4, had — 3000 represented the number of 
gallons withdrawn, what would the algebraic sum indi- 
cate? 

6. If the lifting force of a balloon is called positive, what 
must the weight attached be called? Why? 

7. If a certain railroad stock sold for 78 yesterday, and 
to-day for 76, what indicates the change? If it sold for 84 
to-day, what indicates the change? 

8. If a man loses $780 on one sale and gains $1060 on an- 
other, what is the net result? 

9. If an automobile travels 86 miles directly north and 
then 110 directly south, express the distance and direction 
from the starting point. 
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7. ADDITION AND SUBTRACTION OF UTERAL NUMBERS 

In the formulas and equations used in mathematics it will 
be necessary to add and subtract algebraic expressions. 
These follow the principles you have already learned. 

Note. — A number with no sign is considered positive. 
Add: 

1. 2. 3. 4. 5. 6. 7. 8. 

3a —56 Ix -9y Qc 9e -6m -In 

4a 36 -Sx -2y -7c 9e -4m 6n 

— 2a —46 — 2x 8y — 5g — le — 8m 5n 



9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


2t 


6z 


7y 


-4« 


-9r 


— 6a; 


7i^ 


6^ 


-St 


Iz 


-9^/ 


-6« 


3r 


-Sx 


6u 


Zt 


5t 


-5z 


-5y 


3< 


6r 


-9a; 


5u 


-4:t 


-4t 


-2z 


3y 


7« 


-3r 


8a; 


-9w 


-9t 


Subtract: 






• 









17. 18. 19. 20. 21. 22. 23. 24. 

9a; —3m 6m -9^1 8« — 6« 9a; — 6y 

6a; -9m 9m -2/1 -4g 7g -12 a; -9y 

25. 26. 27. 28. 29. 30. 31. 32. 

14r 16f - 3r -16f 3« 16m -21^ 20a; 

6r -It -19r 8« -15« 8m -16^ -30a; 



Add: 

33. 34. 35. 36. 37. 

3a; + 5y — 5r— 7« —4m — 6n 6a; — 9y 6a;4-8y 

7a;-6^ — 6r f 3^ 10m + 7n 6 a;— 3y — 3a; 4-5^ 
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aa. 40. 41. 42. 

-Tt + Gn 8r-6« 9r-3« ^Qx + ly 37?^-^6w 
5f-3yi 5r + 3« 7r-H8« -3a;-9y -8m — 9n 



• 

Subtract t 










43. 


44. 


45. 


46. 


47. 


8a;-9y 


9^+3a 


— 3m4-2n 


2r-6« 


4r-6« 


3ir — 4 y 


6^-2« 


— 9^ — 6 7i 


-7r+3« 


-6r- 8« 



48. 49. 50. 51. 52. ^ 

— 3a; + 7y 6x~3y 2w-9« -Sn-2t lx—2y 
-9a; + 8y -3a;4-4y 6m-12« -9n + 6i 2a;-8y 

8. REMOVAL OF SIGNS OF GROUPIFG 

When two or more numbers are inclosed in parentheses, 
( ), they are not to be used singly, but as one number. 
Thus, in the formula A = \ h(h^ + b^^ b^ and b^ are to be 
added and used as one number in finding the product. In 
the formula S=a— (J + 0, b and e are to be added and 
their sum subtracted from a. In removing the parentheses 
which inclose an expression preceded by a minus sign, it 
must be observed that the entire expression is to be sub- 
tracted and hence that the signs of each term must be 
changed. This is seen in the following: 

8 -(5 -2)= 8 -3 = 5. 
Also 8 - (5 - 2)= 8 - 5 + 2 = 3 + 2 = 5. 

10-(3 + 4)=10-7 = 3. 
Also 10 - (3 + 4) = 10 - 3 - 4 = 3. 

Also 5a; — 3y— (2a;-hy) = 5a? — 3y— 2a; — y=3a? — 4y. 
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Hence we have the principle that 

A sign of grouping preceded by the sign — may he removed 
from an expression if the sign before each term inclosed is 
changed^ 



Just as 
or 
so 



12-f.(3-f-5)=sl2 + 8 = 20, 
124.(3 + 5) = 12 + 8 + 5 = 15 + 6 = 20, 
12 X + (S x^ x)== 12 X -}- 2 X =:U X, 
or 12 X -}- S X — X ^ 15 X — X = 14:x. 

And in general, 

A sign of grouping preceded by the sign + may be removed 
from an expression mthout changing the sign of any term inclosed. 

Remove the sigri of grouping and collect : 

1. 13 -(8 -2). 8. Sx-y+(x-4:y'). 

2. 16 -(7 + 3). 9. Sx-{-y-(^x-[-Sy'). 

3. 14 -(6 -2). 10. 5«-4^-(3« + 0. 

4. 18 -(9 + 3). 11. 7a+6S-(3a-56). 

5. 20+(5 + 3). 12. 8r-3« + (r + 8«)- 

6. 4tx—(2x — V). 13. -3a; + 6«^-(y— 8a;). 

7. 6 2^-(3y + 4). 14. 7y-8a; + (82;+9y). 

15. Solve 6 a; - (4 a? + 7) = 15. 

16. Solve 8 a; - (10 - 2 a;) = 40. 

17. Solve3a;-(2a;-3)=:8. 

18. Solve 5 a: + (4 - 3 a;) = 12. 

19. The sum of two numbers is 20 and their difference is 
6. What are the numbers ? 

Suggestion. — Let n = the larger number. Then 20 — n = the 
smaller. The equation then becomes n — (20 — n) =6. 
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20. The sum of two numbers is 17 and their dijBEerence 7. 
What are the numbers ? 

21. The angles of a triangle are x^ x-\- 20°, and x — 10®. 
Find the number of degrees in each angle. 

22. Two parallel lines are cut by a 
transversal making Z b 30° less than 
Z a. Find the size of each angle. 

23. If each of the base angles of an 
isosceles, triangle is 16° less than the 
vertical angle, how many degrees in 
each? 

24. The three angles of a triangle 
are ic, 2 a;, and x — 20°. Find how many degrees in each. 

9. INSERTING SIGNS OF GROUPING 

By reversing the process of removing signs of grouping, 
it follows that 

Terms of a polynomial may he inclosed vrithin a sign of 
grouping when the sign of grouping is preceded by the sign + 
urithout changing the sign of the terms inclosed; and when 
preceded by the sign — by changing the sign of each tenn 
inclosed. 

Inclose the last three terms within parentheses preceded 
by the sign -f- : 

1. a'\-b — c-\-d. 4. 5 + 71 — 2 w^ -I- n3. 

2. 2a: + 3y-2z + 5. 5. x^-^-Zx^-bofi-^-x. 

3. 6a; + 2y-32-6. 6. Z-|- r4-3 r2 + ^^ 
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Inclose the last three terms within parentheses preceded 
by the sign — : 

7. l-x-^-Sa^ — x^ 10. 9a:~3y+72 + 6. 

8. S — Ba — Sb-^-c. 11. 5« — 4^ + 6n — 7. 

9. a-25 + 3c-|-rf. 12. 8r-6«-3^ + 8. 

Inclose the last three terms within a sign of grouping 
preceded by the sign + : 

13. A-^B-O-D. 19. 16-8P + i^ + 12 JIf 

14. xi/ -^ 1/z -- zw -\' wx. -~ 9 -^ — 4. 

15. 5-2w-9w2 + n3. 20. A-|-7 + 10A:-l-25A2. 

16. .-4. + 4.2-*-l. ^ 18-^-62_^6. 

17. m^ -\- 6 pq — q^ — 9 p^. 

23-32. Inclose the last three terms in each of the above ex- 
pressions within a sign of grouping preceded by the sign — . 

33. In aw — 2 ^ — 3 71 + 6^, place the terms involving n in 
parentheses preceded by the sign + and those involving t in 
parentheses preceded by — . 

34. InlOP— 2 1^4- mP — nW^ place the terms involving 
P in parentheses preceded by + and those involving W in 
parentheses preceded by — . 



CHAPTER VI 

MULTIPLICATION AND DIVISION OF SIGNED NUMBERS 

In the preceding chapter you learned to add and subtract 
signed numbers. In much of the mathematics that follows 
it will be necessary to multiply and divide signed numbers 
by signed numbers. These processes will be shown in this 
chapter. 

1. THE LAW OF SIGNS FOR MULTIPLICATION 

In multiplying signed numbers the sign of the product is 
based upon the following laws : 

1. The product of two factors having like signs is positive. 

2. The product of two factors having unlike signs is negative. 

The following illustrations will show that the laws are 
consistent with the meaning we have given signed numbers. 

1. If a merchant makes $1000 per month for 5 months 
how much better off will he be in five more months ? 

Evidently the answer is 5 x $1000 or $6000, as known 
from the meaning of multiplication in arithmetic. 

Calling a profit plus, and time to come plus, this can be 
written : 

(+6) X ( + $1000) = +$5000, when plus indicates that 
he is better off. 

This illustrates the first law. 

86 
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2. If a merchant has lost flOOO per month for the past 5 
months, how much better off was he 5 months ago ? 

Evidently he was $5000 better off. Using tins to illus- 
trate the multiplication of signed numbers, loss must be 
negative since gain was called positive. And time past 
must be negative since time to come was called positive. 
Then we have 

(- 5) X (-$1000) « + $5000. 

Note. — The sign of the product must be +, for it denotes " better 
off," as in the last problem. 

This J too^ illustrates the first law. 

3. If a merchant is making $1000 a month, how much 
worse off was he 5 months ago than now? 

Evidently he was $5000 worse off. Using the signs as in 
problems 1 and 2 this is, 

(_ 5) X (+ $1000) = - $5000. 

Why do you know that the product should be negative ? 

Note. — You cannot give the law of signs as the reason, for this is to 
illustrate that the law of signs is consistent with facts that we otherwise 
know. 

4. If a merchant is losing $1000 per month, how much 
worse off will he be in 5 months ? 

Evidently he will be $5000 worsg off. Using the signs of 
the first three problems, 

(+ 5) X (- $1000) = - $5000. 

Problems 3 cmd 4 illustrate the second law of multdplieation. 

5. If the temperature starting at zero rises at the rate of 
4° per honir for 8 hours^ where will it be 3 hours from now ? 

Evidently it will be 12° above zero. 



\ 
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Thus, (+ 3) X ( + 4°) = + 12^ What law of multiplica- 
tion is illustrated ? 

6. If the temperature now zero has been rising for 3 
hours at the rate of 4° per hour, where was it 3 hours ago ? 

Evidently it was 12° below zero. 

Thus, (- 3) X (4- 4°) = - 12^ Why was the time called 
— 3 ? Why was the 4° marked plus ? Why was the prod- 
uct marked minus ? What law of multiplication is illus- 
trated ? 

7. If temperature now zero falls at the rate of 4® per 
hour, where will it be 3 hours from now ? 

Evidently it will be 12° below zero. 
Thus, (-h 3) X (-^ 4°) = - 12°. 

Explain the meaning of the signs in the factors and product. 
What law is illustrated ? 

8. If temperature now zero has been falling at the rate of 
4° per hour, where was it 3 hours ago ? 

Evidently it was 12° above zero. 
Thus, (- 3) X (- 4°) = -h 12°. 

Explain the meaning of the signs in the factors and 
product and tell what law is illustrated. 

Give the produets : 

9. (+3)x(-h5). 14. (-f-2)x(-5). 19. (-4)x(-3). 

10. (-3) X (4- 5). 15. (-h4)x(-5). 20- (-h4)x(-h3). 

11. (+3)x(-5). 16. (-4)x(-5). 21. (-2)x(-7). 

12. (-3)x(-5). 17. (-2)x(-8). 22. (-h2)x(-7). 

13. (~2)x(-4). 18. (-f-2)x(-8). 23. (-h3)x(4-8). 

When there are three or more factors^ the product is minus 
or plus depending upon whether the number of minus signs, is 
odd or even. 
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CHve the products : 

24. (+2) (-2) (-2). 28. (+4) (+2) (+1), 

25. (-2) (-3) (-1). 29. (-5) (-2) (-2). 

26. (+2) (+3) (-1). 30. (+3) (-3) (-3). 

27. (+3) (-2) (+2). 31. (-3) (-3) (-3). 

2. MULTIPLYING LITERAL FACTORS 

X. Find the product of (- 3 a) (+2 6). 

2. Find the product of (— 3 a) (— 2 6). 

3. Find the product of ( + 2 6) ( -f 3 c). 

The order of steps is : 

1. Determine the sign of the product, 

2. Find the product of the absolute values of the arithmetic 
factors. 

3. Find the product of the literal factors. 

Find the products of : 

4. (+6a)(-3J). 9. (+2a) (- 3 J) (-2(?). 

5. (-3aJ) (-2(j). 10. (-3ir) (-2y) (+4 2). 

6. (-4a6) (+2 6c). 11. (+ 2 a) (~3i).(- 2e?). 

7. (+3a(?) (-2a6). 12. (+2 aJ) (-2 6^) (- 3 ac?). 

8. (-2 a;) (-4a;y). 13. (- 3 d) (-2 W) (- ac). 

3. MULTIPLYING A POLYNOMDkL BY A MONOML/a 

In simplifying formulas or in solving an equation it is 
often necessary to multiply a polynomial by a monomial. 
The process is similar to multiplying arithmetical numbers 
of two or more orders. Thus, to find 4 x 86 we really find 
4 X 6 + 4x30. 



90 
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So in 3 a (2 i — 4 ^) we have 6 oi — 12 ikl 
That is, 

A polynomial is multiplied by a 
ecieh term of the polynomial by the 
remdting products. 

GEOMEXBICAL ILLUSTRATION 



J^h C 



by mmJtiplying 
and adding the 




£bB 



Rectangle ABCD v&a + bhj c. Hence the area is c(a + J). 
But it is made up of rectangles AEFD and EBCF whose 
dimensions are respectively a and c, and b and c. Hence 
their areas are ac and be. Hence 



Find : 

1. 8(a;-2y). 

2. 2 a(6 + 8 c). 

3. 2a:(3a;-2y). 

4. 7a(3J-.4). 

5. 8<2t?-5). 

6. 2(6^1- 7 ft). 

7. 3a(2a-5 6). 



c(ii+ &)=ac + 6c. 

8. 3<<a— 7ft). 

9. -5(2 a- 3 c). 
10. -2(-4a + 2c). 
U. -2a(3c-ft). 

12. — a;(3a;-f 2y). 

13. — ftc(a-8ft). 

14. 4(?(-5-6(r)- 
15. 3 a(2 (? — 6 aft). 
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Multiply and unite rnnilar terms: 

16. 2(x-3 6) + 3(2a+6)-4(a-4 6). 

17. 8(2a:-y)-4(:r+2y)+3(2rr-y). 

18. 3a-f 2(a + 3J)-3(a- 2J)+56. 

19. 4(f -1-3 8)- 2(2f-5«) + 3(« + 2«)+5«. 

20. 2 a(6 -h — 3 ^(2 6 — + ^(^ — 5 + 6 ac. 

21. 2a(J-2^)-2J(a + <?)+8<2a- 3 6)- ae?. 

22. ir(y 4-2)— 2y(a? — 3^)+ 2(2 a: — 5 y)-|- oas. 

4. PRACTICAL USES OF BfULTIPLICATION 

Many of the problems that arise in mathematics make use 
of the multiplication you have just had. 

Solve : 

X. 3(a;-7)=6. 6. a;(2a; + 1)= 2^2 -h 7. 

2. 2(3 a; + 1)= 32. 7. a?(a; - 6) = a:* - 20. 

3. 4(2ir-5) = 28. 8. <2rr- 3)= 2a;2 _ 9, 

4. 5(3 a; -h 4) = 50. 9. 2a? + 8(a: - 6)= 17. 

5. a;(a:+ 3) = ar*+ 15. 10. 4 a: - 3 + 2(a; + 8) = 43. 

11. The sum of two numbers is 20. The larger is three 
times their difference. What are the numbers ? 

12. Half the larger of the two acute angles of a right 
triangle is 15° less than the smaller. What are the angles ? 

Suggestion. — Let x = the larger, then 90^ — x = the smaller. Then 
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5. MULTIPLICATION OF POLYNOMIALS 

Finding the product of two polynomials is like multiplica- 
tion of two arithmetical numbers of more than one figure 
each. Thus, 

24 X 36 = 4 X 6 + 4 X 30 + 20 X 6 -f- 20 X 30. 

So (a -f- i)(^ + c?) ^ac -\- ad-^ be + bd. 

GEOMETRICAL ILLUSTBATION 



n 



ac 



ad 



be 



id 



C 

c 



Rectangle ABCD whose dimensions are a -f J and c 4- c? is 
made up of four rectangles whose dimensions are a and c?, b 
and (?, a and d^ b and d. So 

(a + &)(c + d) = oc-f aif+ 6c + 6rf. 

Likewise, the product of 2 a: — 3 y and 3 x + 2 y is 

2x-3y 
33: + 2y 

6 x* — 9 a:y [3 a:(2 x — 3 y), 1st partial product.] 

4 xy — 6 y^ [2 y(2 ar — 3 y), 2d partial product.] 
6 a:^ — 5 xy — 6 y^ [Sum of partial products.] 

Thus it is seen that 

The product of two polynomials is the sum of all the products 
obtained by multiplying every term of one polynomial by each 
term of the other. 
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Find the products of: 

1. (a; + 2)(2a; + 8). 7. (3 a + J)(2 a - 3 J). 

2. (a;-3)(2a;+l). 8. (2 a- 3 6)(3 a- 2 J). 

3. (2w-3)(w + 2). 9. (2n- 3m)(27H-5 7n). 

4. (x - 4)(a; + 3). 10. (5 ?i — 2 7w)(2 w + m). 

5. (2/^+3X3^-2). 11. (4 a?- 3y)(2a;-h5y). 

6. (a; + 2 y)(2 a? - y). 12. (2 m — 6)(m — 5). 

TF^ cAecA literal multiplication hy assigning arithmetical 
values to the letters and performing the processes indicated. 

Thus find and check the product of 

(2a:-3y)(4a; + 2y). 

WORK CHECK 

2 a; — 3 y Let x = 2 and y = 3 

4a; + 2y 4-9 =- 5 



8a^'-12xy 8 + 6= 14 



4 a;y — 6 y2 Product = — 70 



8ic2_ 8a:y-6y2 32-48-54 = -70 

Note. — Substitute any value for the letters except 1. Substituting 1 
checks signs and coefficients only, and not the exponents. Why ? 

Find and check: 

13. (a - 5)(a + 7). 20. (3^-2 w)(2 ^ + 5 w). 

14. (2 a- 8)(3a + 2). 21. (2 r + 5 «)(^-6«). 

15. (2b-\- c)(b + 8c). 22. (r- 8 0(^ + 2 0. 

16. (2a-3J)(a + 4 6). 23. (4 d- «)(c?+ 6^). 

17. (3 a; + 5 y)(a: + 3 «/). 24. (2 a + 6)(a - 3 c). 

18. (a;-7y)(3a:+ 2y). 25. (3 a- J)(2 c + 4 d). 

19. (w— 3w)(2 7w + 3/1). 26. (a— 3 6)(2c — 5d). 
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27. Find 3| x 5f as the product of two polynomials. 

WORK 

3 + 1 

5 + 1 

15 + J^ + | + f^= 15 + 3| + 2 + J =21^. 

Find: 

28. 2J X 3|. 31. 5J X 4|. 34. 3^ X 6J. 

29. 3^ X ^. 32. 6f X ^. 35. 6f X 4J. 

30. ^ X 2^. 33. b\ X 3^. 36. 7^ X 6|. 

37. Find 7J x 7|. 38. Find 5J x 5^. 

7+J 5+i 

7+^ 5+i 

49 + 7x^ 25 + 5x^ 

7x| + i ___5jii±i___ 

49 + 7 + ^ = 56 + i 25 + 5 + i = 30-H^ 

39. Find (a + J)(a + J)- 

a +J 

a^+ J« 



a2+a + -^ = a(a + l) + i 

Exercises 37, 38, and 39 show an important use of algebraic 
numbers. Exercises 37 and 38 were the squares of mixed 
numbers whose fractional parts were one-half. Exercise 39, 
by using the general number a for the whole number, repre- 
sented any such numbers. So its product can be interpreted 
as the form of any such square. By factoring a^ + a into 
a(a + 1) the result becomes a formula easily used for such 
squares. Thus, (4J)2 = 20^ (i.e. 4 x 6 + J). 
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^t nffhi ffive: 


• 






40. 21 X 2\. 


44. 3Jx 


3J. 


48. IJxl^. 


4X. 4| X ^. 


45. 8J X 


Si- 


49. 10^xlO|. 


42. b\ X 5^. 


46. 7JX 


H- 


50. 11^ X llj. 


43. 6| X &\. 


47. 9Jx 


H- 


51. 12|xl2J. 


52. Find8Jx4J. 




53. Find3Jx7J. 


8 + i 






3+ I 


4 + * 






7+ 4 


32 + 4xi 






21+ 7x^ 


8xi + i 






3xJ + l 


32 + 12 X J + 4 = 


384 


21 + 10 xj + i = 264 


54. Mnd(a + ^)(6 + ^). 






a + J 








* + l 









a ft + i 6 + J a + ^ = oJ + ^ ( 6 -V- a) + i 

This, again, is an important formula for the product of any 
two mixed numbers whose fractions are each J. 
The product translated into a rule is, 

To find the product of any two mixed namhers whose fractions 
are each ^, to the product of the whole numbers add half their 
sum and J. 

Observe that when the sum of the whole number is even, 
the product ends in \, When odd, it ends in |. Thus, 
3^ X 7 J = 26^, and 41 x 9^ = 42|. 

At sight give : 



55. 


^ X 61. 


59. 


^ X 11. 


63. 


^ X 7j. 


56. 


2ix9J. 


60. 


3j X ^. 


64. 


3^^ X ^. 


57. 


H X 6J. 


61. 


^ X ^. 


65. 


3j X ^. 


58. 


^ X 6^. 


62. 


^ X 5|. 


66. 


4ix5J. 
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67. 4J X 7|. 70. 3 J X 11 J. 73. 6 J X 9^. 

68. 3^ X 8J. 71. 4i X lOJ. 74. 6J X 8J. 

69. 21 X lOJ. 72. 6^ X 8J. 75. 61 X 10 J. 

6. HOW LITERAL MULTIPLICATION IS USED IN MAKING 

FORMULAS 

You have seen in the preceding exercises how literal no- 
tation enabled you to make formulas that shortened work. 
Another interesting example is given here. 

You have already learned that when two successive, com- 
mercial discounts are quoted, one is first taken off and then 
the second is taken on the former net price. 

Thus, $500 less 20% and 10% means that 20% of $500, 
or $100, is first deducted and then 10% of the remaining 
$400, or $40, is deducted. 

This may be done as follows : 

$500, list price. 

.80 (100% -20%). 
$400 

.90 (100% -10%) 
$360, net cost. 

Using literal notation the process may be expressed by 
the formula 

Net cost = (100% - r%)(100% - ri%)(list price). 

Finding the product of 100% — r% and 100 — 7*1%, the 
work is as follows : 

100% -r% 
100 % - r. % 

* ^ 

100% — r% (for 100% of anything is the thing itself) 

"-ri%+^i% xr% 
100%-r%-ri%-hri% xr% 
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Hence 

Net cost = (100 % — r% — ri% + ri% xr%)x list price, 
= [100 % - (r % + r^ %-r^% xr %)] x list price. 

Hence successive discounts of r% and r^% are equal to the 
single discount of (r% -hrj% — ri% x r%), for being in- 
closed in parentheses, this is considered a single number. 

Translated into a rule this is, 

To find the single discount equal to two successive discounts^ 
subtract their product from their sum. 

Thus, $700 less 30 % and 20 % is the same as $700 less 44 % 

At sight give the single discount equal to : 

1. 10% and 10%. 11. 60% and 25%. 

2. 20% and 10%. 12. 30% and 10%. 

3. 40% and 10%. 13. 40% and 15%. 

4. 40% and 25%. 14. 50% and 40%. 

5. 50% and 10%. 15. 40% and 30%. 

6. 20% and 20%. 16. 30% and 30%. 

7. 20% and 25%. 17. 50% and 20%. 

8. 40% and 25%. 18. 50% and 30%. 

9. 60% and 20%. 19. 50% and 50%. 
10. 60% and 10%. 20. 40% and 40%. 

7. SPECIAL PRODUCTS 

Exercises in the last section illustrated the advantages of 
finding formulas for special products. There are certain 
special products so useful in mathematics that they should 
be remembered, just as the multiplication table in arithmetic 
was remembered. 
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1. 



Find (a + 6)(a + J) or (a + hy. 

WORK 



WORK 

g 4- S 
a* + aJ 

This product becomes a formula for the square of the sum 
of any two numbers whether literal or arithmetical numbers. 
Translated into words it is, 

The square of the sum of two numbers u the square of the 
first^ plus twice their product^ plus the square of the second. 

Or, as a formula, it is 

GEOMETRICAL ILLUSTRATION 

a b 



ab 


A* 


a? 


Ah 



a 



The square whose side is a + 6 is made up of two squares 
and two rectangles as shown in the figure. So the large 
square whose area is (a -f- 6)^ is composed of figures whose 
areas are c?^ ab^ ah^ and 6^. That is, (a -|- 6)^ = a2 ^ 2 oi -f 62. 
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At sight give the squares : 

1. (a + 3)2. 6. (2a;4-3y)2. ii. (5 + m)2. 

2. (6 + 2)2. 7. (4 8 + 3 02. 12. (5 + 2w)2. 

3. (2^+6)2. 8. (5 8 + 202. 13. (5a; + 3y)2. 

4. (a +3 6)2. 9. (m + 5/1)2. 14. (7 + 3^)2. 

5. (2 a; + 3)2. lo. (2m + 7n)2. is. (Js + ity. 

16. Use the formula to square 14. 

WORK 

142 _ (10 + 42) = 100 + 80 + 16 = 196. 

Find by the formula : 

17. 132. 20. 172. 23. 242. 26. 322. 

18. 152. 21. 18«. 24. 252. 27. 352. 

19. 162. 22. 192. 25. 282. 28. 422. 

29. Use the formula to square 7|. 

WORK 

(7^y = (7 + i)2 = 49 + 7 + J = 56^. 
Find hy the formula: 

30. (5J)2. 32. (902. 34; (6J)2. 36. (9J)2. 

31. (802. 33. (^8J)2. 35. (i\y. 37. (8|)2. 

38. Derive a formula for (a — 6)2. 

WORK 

a— h 

g— 6 
a2_ a J 
- a6 + 62 



a2-_2a6 + 62 
State in words the fact expressed by the product. 
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llemorize;. 









r2<r-8;^. SOL (2(1-5 5)^. 

Bj the formala Gut I tKe 34:|^TiiLre of 4!^. 

4C^ = roO - 1;^ = 2500 - 1'>J -h 1 = 2-l^}L 

2rA 55. :3r^. 5^ 69*. 6L 78*. 

28^. 56. 49*. 59. Sl^. a. 6S3. 

38^. S7. 48^. «. 58^. SSL 87«. 

Make a formala for (<i — 5)</i-h5). 
If correct, you found 

Stated in worrL*, thw formula is. 

The jyrrxhtct of the mim and the dijf tire nee of two nHmber9 U 
the difference of their 9fpmre9. 

By the formula find : 

65. (x-2X^ + 2;. «. (x-5^(jr + 5). 

as. f2-y>(2 + i^> »- <2jr-:3y)(2x^^S^). 
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(2a-3J)(2a + 3J). 74. (4 0?- 7 y)(4a;+ 7y). 
(4_3a)(4+3a). 75. QSt'-S sySt + Ss^. 

(3 a; -f 5 y)(3 a; — 6 y). 76. (6 /i — 5 m)(6 n + 5 m). 

77. Find by the formula 48 x 52. 

WORK 

48 X 52 = (50 - 2) (50 + 2) = 2500 - 4 = 2496. 

Mnd by theformvla : 

78. 38 X 42. 82. 49 X 51. 86. 45 x 55. 

79. 41 X 39. 83. 88 X 92. 87. 75 x 85. 

80. 62 X 58. 84. 82 x 78. 88. 68 x 72. 

81. 63 X 57. 85. 75 X 65. 89. 95 x 85. 

SUMMARY 

You have now had three of the most important special 
products of algebra. They are grouped here for reference. 

I. (a+6)2 = a2 + 2a6 + 62. 

n. (a-&)2 = a2-2a6+6». 
m. (a+6)(a-6) = a2-62. 

8. TWO OTHER SPECIAL PRODUCTS 

You Tiave seen the value of the three formulas found in 
the last section and how they save work in finding special 
products of literal or arithmetical numbers. There are two 
other important special products taken up in this section. 

1. Find the product of (x + 2)(a; + 3). 

2. Find the product of Qx — 2) (a; — 3). 

3. Find the product of (x -f 2)(a; — 3). 

4. Find the product of (a; — 2)(a; -h 3). 
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If you examine the four products jnst found you wiU see 

that 

1. The fir9t term of each product is the square of x (the 
common term) ; 

2. The second term of each is x (the common term) with a 
coefficient that is the algebraic sum of the other two terms ; 

3. The last term of each is either +6 or -- 6^ the product of 
the other two terms. 

5. Write expressions for two binomials having a common 
term. 

6. Will x+a and x + b answer question 5 ? Why? 

7. Find the product of (x + a)(a; + 6). 

If correct, you have 

(jc4-a)(jc+6) = x^ + (a+6)jr + a6. 

Stated in words this is, 

The product of two binomials having a common term is the 
square of the common term^ plus the algebraic sum of the other 
two terms as the coefficient of the common term^ plus the product 
of the other two terms, 

GEOMETRICAL ILLUSTRATION 

a b 



ac 



he 



a 



ab 
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Thus, we see that the area (a -f 6) (tf + c) is compoeed of 
o^ '\' ab-\-ae'\-bcov a^ + ib-^-c) a-^hc. 

JSy inspection give : 

8. (a: + 4) (2; + 2). 16. (a-8)(a + 4> 

9. Qx + 2) (z 4- 6). 17. (a - 5) (a + 2). 
10. (a; 4- 3) (a; 4- 5). 18- (a - 6) (a -|- 2). 



(a; + 4) (a: + 5). 19. (6 4- 3) (& - 4). 

12. (a: - 2) (a; - 4). 20. (64-4) (6-5). 

13. (a:-3) (a;-5). 21. (a; 4- 2) (a; - 8). 

14. (a;-4) (a;-5). 22. (a;- 3) (a:- 10). 

15. (a; -2) (a; -10). 23. (a; 4- 4) (a; 4- 6). 

24. By the formula find 28 x 28. 

23 X 28 = (20 + 3)(20 + 8) = 400 4- 220 4- 24 = 644. 

In the same way give : 

25. (10 4- 3) (10 4- 7). 30- 24 x 26. 35. 81 x 89. 

26. (10 4- 2) (10 4-8). 31. 37 X 83. 36. 72 x 78. 

27. (10 4- 7) (10 4-5). 32. 46 x 44. 37. 67 x 63. 

28. (20 4-1) (20 4-5). 33. 52x58. 38. 84x86. 

29. (20 4- 4) (20 4-6). ' 34. 64 x 66. 39. 79 x 71. 

9. PRODUCTS OF TWO BINOMIALS HAVING 0ORR£SPONDING 

SIMILAR TERMS 

1. Find the product of (2 a; 4- 1) (3 a: 4- 4). 

2. Find the product of (2 a; - 1) (3 a; - 4). 

3. Find the product of (2 a? 4- 1) (3 a; - 4). 

4. Find the product of (2 a; - 1) (3 a: 4- 4). 
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If you study the products found you see that 

1. The fir%t and last terms of each product are the products 
of the corresponding similar terms. 

2. The middle term of each product is the algebraic sum of 
the products of the dissimilar terms. 

The formula is therefore 

(ax+ b^(cx -{- d)=^ acx^ -{-ibc+ ad)x-{- bd. 

ILLUSTRATIVE EXAMPLE 

(3a+2) (2 a -5) 

SHORT WAY 

-15 a 



LONG WAT 




3a 


+ 2 




2a 


-6 




6a2 


+ 4a 






-15 a- 


10 


6a2 


-11a- 


10 



(3a + 2) (2a-5)=6aa-lla-10 

> — ^ — ' 

+ 4a 



Note. — In using the " short way " all work can be done mentally 
and the product written down directly from the factors. The illustra- 
tion is to show the order of thinking out the cross products to be added. 

Find by the cross-product method : 

1. (a + 3) (2 a 4- 5). 11. (2 a H- 6) (a + 8 J). 

2. (2 a -3) (a- 5). 12. (3 a - 6) (2 a + 3 J). 

3. (3 a -1) (2 a 4- 3). 13. (2a;-y) (5 rr-f 2 y). 

4. (2a;-5) (3a;4-l). 14. (3 a:- 2y) (6 a;-y). 

5. (z + 7) (2x- 3). 15. (Aa + c) (a -f 3 c). 

6. (tf + 4)(3c-l). 16. (5a-2<?) (2a + 6c). 

7. (3(? + 2) (2^+3). 17. (5a-t-2(?) (2a-5e?). 

8. (3(?-2) (2^-3). 18. (2a;-y) (4rp-y). 

9. (3c-2) (4tf-l) . 19. (4y-a) (3y-5a). 
10. (26 + 5) (26 + 3). 20. (4a?- 3y) (2a?- 7 y). 
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10. DIVISION OF SIGNED NUMBERS 

You know from arithmetic that division is the process of 
finding one of two numbers when the product and one num- 
ber are known ; you also know that 

Quotient x Divisor = Dividend 

From this we may infer the law of signs in division. 

Since(+2)x(+3)=-f 6, (+6)-h(+2)= + 3. 
Since (-2) x (+ 3) = - 6, (- 6)-i-(- 2) = + 3. 
Since (- 2) x (- 8)= + 6, (+ 6)h-(- 2) = - 3. 
Since (+2) x (- 3)= - 6, (- 6)^(-h2)= - 3. 

Hence we see that 

1. If the dividend and divisor have like signs^ the quotient is 
positive. 

2. If the dividend and divisor have unlike signs^ the quotient 
is negative. 

Chive the quotient at sight : 

1. ( + 18)-^(^-3). 12. (+15a;)-*-(-3a;). 

2. (-18)^(-3). 13. ( + 6a)-^(-l). 

3. (+18)-^ (-3). 14. (-6a)-^(~l). 

4. (-18)^(4-3). 15. (^-9aJ)-^(-3a). 

5. (_6)^(_6). 16. (-9a6)-3-(-3a). 
. 6. (-5)^(-f5). 17. (+16a;)-s-(^8a;). 

7. ( + 5)-5-(-6). 18. (-16a;)-^(-8a;). 

8. (_8)-f.(-<-l). 19. (^-242;y)-^-.6a;) 

9. (-8)-h(-l). 20. (-24icy)-f-(4.6a;y). 
10. (H-4«&)-«-(-h2a). 21. ( — 12aO-5-( — 6a(?). 
U. (-4a6)-H(-2a). 22. (+12aO-5-(-3 a). 
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23. Give the quotient at sight : ( — 15 y) -s- (-f- 5 y). 

24. Give the quotient at sight : ( — 14 jf) ^ ( — 2 x). 

It is more common to express a division in algebra as a 

fraction. Thus, (4- 3 ai)-5- (— 2 a) is expressed J* - In 
algebra, as in arithmetic, "" ^ "* 

Both terms of a fraction (jyr a divUum) may be divided by 
the $ame factor vrithovt changing the valve of the fraction 
((piotienf). 

—4iac c 

The expression - may be read " a divided by b *'or, as more 

commonly, " a over 6.*' 
Simplify: 

25. 2x4. 28. 12-. 3,. 24 



— 4a; 


3( 
- 18 xy 



-4J ^^Wy 

26. -iri. 29. l^Jil. 32. 3« 



- 12 y - 18 aJ 

27 _^rjr^. 3o i?-^. 33 -^^. 

-12 a: 10 a<? 36 a:^ 



11. THE LAW OF EXPONENTS IN DIVISION 

d' ft <2 ^ a>aaai<f o ^ 
Since a^ -5- a-^ = — =s = a\ and 

77 T^ bbbkbbS^ TO . 1 

b^ -i-b^ z=z = 6^, so m general, 

in dividing powers of the same base^ the exponent of the 
quotient is obtained by sitbtracting the exponent of the divisor 
from the exponent of the dividend. 
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^s a formula, this is 

a"* -«- a** = a"*"***. 

Thus, (6a^y6)-4-(-2 xy^^^-Za?y\ 
and (-24a:y)-f-(-42r8y)=6/. 

Note. — The a:* of the dividend canceled the ofi of the divisor, hence 
no X appeared in the quotient. 

Divide : 

1. aio-^flf*. 17. -8a:«y^2a;4. 

2. afi^x^. 18. - 24 a^Jc -f. 6 a26. 

3. ffi -J- »*^. 19- — 30 ahc -\ — 6 a. 

4. wi2^w8. 20. 28 a^Jc? -h - 7 a6(?. 

5. 4 62 ^ 2 6. 21.-6 a262^ ^ ^2j2, 

6. 8t?*-f.4A 22. 42 x8y -!- 6 a;y. 

7. (K^V^ -i- a%. 23. — 56 abc h- 8 a<?. 

8. a^V^^a^}^. 24. -21w%^7 7i. 

9. QM^Zal. 25. 38r3«-^-2r8. 

10. 10 a;i V _j. 2 a;8y . 26. -Q^nH-^lnt. 

11. 16 a^js -i- 4 asjs. 27. - 24 a^j^ -^ - 8 a2. 

12. 18 a^c -s- 9 a?c. 28. 35 a^yz -s — 5 x, 

13. 9a^o ^ - 3 a«. 29. 100 x^yz -s- 50 xyz. 

14. 10 a^J^ -«- - 2 aJ. 30. - 50 7n%2 -f- 25 m%. 

15. - 8 a?«2^2 ^ 2 aj2y. 31. 16 a^Jc ^- - a^ft^. 

16. 4 ic^yS -«- - 2 a;8ya. 33. 27^:63/2-1.- 3 a:y2. 
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12. DIVIDmG A POLYNOMIAL BT A MOlfOBOAL 

Since division is the inverse of multiplication, quotient x 
divisor = dividend. That is, the product of each term of the 
quotient by the divisor must give the dividend. Hence the 
rule. 

To divide a polynomial hy a monomial^ divide each of its terms 
by the monomial. 

Thus, ^r— r = 2 a — 6 6*. 

2a^ 

And ^^"^^/^^ = _a^ + 5a:2_3. 

— ar 

Oive the quotients: 

, 81a6-18ac . i:a!^x-Za^x^+2a^3fi 

1. ^r • 5. • 

oa —ax 

^ 30a^ — 40rr2v ^ a^y^ —xy -{-^iofiy 

2. — — — *^. 6. *^ ^« 

— bx^ xy 

^ 2a(?-4aJ4-6arf „ x^^-bT^-^Z^ 

3. 7. 

2a — ar* 

-6 a:y -f-18 a:«.yg~12 a:^^/ ^ 3 a^ _ 6 a^5 + 9 gSJg 
6a;2y * * Sa^ ' 

Divide: 
9. a:^ — ir^ by — a;^. 13. 6 7?y^ — 9 a:*y by 3 xy. 

10. 27a:»-18a;7by 9a:6. 14. a^ + Sab-6a^l^hj a\ 

11. — a + J— cby— 1. 15. 4/1* — 6w2m by — 2w2. 

12. 4 a:*/ + 8 a:V by 4 a:3^. 16. 12m2w2-18m*n«by 6 w^n. 
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13. DIYXDING A POLTNOBIIAL BT ANOTHER 

The work of dividing one polynomial by another is shown 
by the following example : 

a;2 — X 4-1 

— a:^ — x^'-Qx 

- 3^ ^2a>^-Sx 

ic2-f.2a; + 8 
a?-^2x'^S 

Observe that the dividend and the divisor were arranged 
according to descending powers of x. 

Study the work and arrangement as you carefully read 
the explanation. 

The product of the term of highest power in x in the 
quotient and the term of highest power in the divisor must 
give the term of highest power in the dividend. Hence 
the highest term of the quotient is obtained by dividing 
the highest term of the dividend, a:*, by the highest term 
of the divisor, a^. This gives x\ the first term of the quo- 
tient. 

Multiply the whole divisor by the term of the quotient 
just found. This gives a^-\-2Qfi + 8a^y which is placed 
below the dividend. 

The dividend is the product of the divisor by the whole 
quotient. Hence subtracting the product, ar* + 2 a^ 4- 8 a^, 
from the dividend, the remainder, — a:^ — a^^^g^j + S, must 
be the product of the divisor by the part of the quotient 
to be found. 



' 
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Therefore, the product of the next highest term of the 
quotient by the highest term of the divisor must equal the 
highest term of the remainder. Hence dividing — a^ of the 
remainder by ^ of the divisor gives —a;, the second term of 
the quotient. 

Multiply the whole divisor by. the new term, — x ; subtract 
the product from the remainder. This leaves a;^ + 2 a; -|- 8. 

Evidently the third term of the quotient will be obtained 
from this second remainder just as the second term was 
obtained from the first remainder. 

By continuing this process, all of the terms of the quotient 
may be found. 

If in any problem the divisor is an exact divisor of the 
dividend, the work may be carried on until a remainder zero 
is found. Otherwise the work may be continued until a 
remainder is obtained in which the highest term of the 
remainder is of lower power than the highest term in the 
divisor. This is a true remainder. 

Hence the rule for dividing one polynomial by another : 

1. Arrange both the dividend and the divisor according to 
the descending or ascending powers of some letter^ the same 
letter being used in both. 






Divide the first term of the dividend by the first term of 
the divisor to obtain the first term of the quotient, 

3. Multiply the whole divisor by this term of the quotient^ 
and subtract the result from the dividend, 

4. Treat the remainder as a new dividend (having the terms 
arranged as before')^ and repeat the process, continuing until 
either the remainder zero, or a true remainder, is found, 

Note. — In the exercises only binomial divisors are used. 
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Example 1. Divide a^ — 11 a + 30 by a — 5. 

a — 6 



a-5)a2-lla-|.30 
€?— 5 a 

- 6a-|-30 

- 6 a 4- 30 

Check. — When a =8, dividend = 6, divisor = — 2, and quotient = — 3, 
as it should. 

Example 2. Divide a:*4-y^ by x-hy- 

a? — x^y 4- xy^ — y^ 

a^4- a^ y 

— ^y — ^ y^ 

a^y^-^ x}^ 

— xy^ — y^ 

In this example there is a true remainder 2 ^ obtained. 
By using the fractional form to indicate the division of the 
remainder, as in arithmetic, the entire quotient in this prob- 
lem may be expressed thus : 

. — ' V =iQfi — x^y + xy^ — y^ +  — ~ — • 
X -\-y x-\-y 

Check. — When x = 2 and y = 3, dividend = 97, divisor = 5, quotient 
= 19 f , as it should. 

N'oTE. — Observe that the terms in the dividend, divisor, and all the 
products and remainders in the above example are arranged in descend- 
ing powers of X. Similar terms should be kept in columns in the work. 



• 
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IHride and ekeek: 

X. (^ + Za + 2hja + l. 12. l-2S*-14K-6hj-lK—e. 

2. JT* + 3 X- 40 by X+ 8. 13. 6 r»+ 29 r+3o by 3 r+ 7. 

3. 3fl-oz + 6hyx-2. 14. 4J«-9by2J + 3. 

4. -P« + 7P + 12byP + 3. 15. 25 2P- 4 by .5 J?- 2. 

5. ^-6< + Sby«-4. IS. 4/>» - 1 by 2/. + 1. 
«. i^-&y + 20byy-4. 17. l-9a«byl-3a. 

7. jy«-^-30byJ5r-8. 18. 16-2.5 l?«by4 + oD. 

S. «a+fc-20?>y J + 5. 19. <i»-i»bTa-J. 

9. »i2 + 3m — 40 by »i — 10. 20. a:* — 4^ by 2- + 2y. 
10, 2a!* + 3ar4-lby2ar+l. 21. TT^- 25^ by TT- 5^. 
11- 8a:^+16ar— 12 byar+6. 22. in*+ 5 mii+ 4 1^ by m +4 «. 

23. /^-9P^+20^byP-oe. 

24. 2:2^2l4-10arby 3 + ar. 

25. l+2a-|-a2by a + 1. 

26. 15y + 36+^byy + 4. 

27. 12J?3-30^24.2jF-5by2^-5. 

28. 2r«-3r2 + 3 + 4rby 3 + 2r. 

29. ^-1 by .5-1. 

30. t^—sflhyy + z. 32. JT^ — f « by J8 -(- <3. 

3X, W^'-V^hy W^+V^ 33. 144^-1 by 12^ + 1. 

14. HOW SIGNED NUMBERS SIMPLIFY THE STEPS IK. 
THE SOLUTION OF AN EQUATION 

In solving equations, you often find it necessary to add 
some number to both sides of the equation or to subtract a 
number from both sides of it. The work may be shortened 
now that we understand how to add or subtract signed num- 
bers. This is shown in the following problems. 
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!• Solve a: — 5 = 4. 

Adding -f 6 to both members, 

a;-5 + 5 = 4+5. 
Or a: = 9. 

Since 6 was added to a; — 6 to cancel the — 5 and give but 
X in the left-hand member, we need not write down a; — 6-1-5, 
but could have written a: = 4 -|- 5 from the given equation. 

Here we observe that the resulting equation may be con- 
sidered as made up from the given equation by " changing 
the sign of — 6 to -|- 5" and transposing it to the other side 
of the equation. 

2. Solve a; + 3 = 8. 
Subtracting 8 from both members, 

a;-h3-3 = 8-3, 
Or a: = 8 - 3. 

This again gives an equation which is the same as if the 
-h 3 had been changed to — 3 and transposed to the other side. 

3. Solve 3a; — 5 = 2a;-f-3. 

Adding -|- 5 and subtracting 2 x from both members, 

3a;-2a: = 3 + 5. 

Here again we have a resulting equation in which + 2 a; 
and — 5 were each transposed to opposite sides of the equa- 
tion, with their signs changed. 

And in general. 

Any term in an equation may he transposed from one side of 
the equation to the other hy changing its sign. 
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4. Solve 5ar — 20 = 4a: + 5. 
Transposing — 20 and -\-4x gives 

6a: — 4a: = 5 + 20. 
Collecting terms, x = 25. 

5. Solve 3(a: + l) =12 + 4(2:-!). 

Removing parentheses, 3a:+3 = 12 + 4a; — 4. 

Transposing, 3a: - 4 a: = 12 — 4 — 3. 

Collecting, — a: = 6. 

Dividing by - 1, a: = - 6. 

Checking, 3(- 5-f-l) = 12 + 4(-5-l) 

-12= -12. 

Soh'e hy transposing terms^ and check: 

1. Zx-Q = 2x + 1. 4. 2a: + 4 = 6a:-12. 

2. 2a:— 7 = 5a: -1-5. 5. a: — 3 = 4a:— 9. 

3. 4a:-8 = 9-2a:. 6. a:- (6 - 2 a:) = 9(a:- 1). 

7. (a: -2) (a: -3) = (a: -4) (a: -6). 

8. 3(a:-|-l) = 5(l-a:). 

9. 2a:-6 = 5(20-a'). 

10. 2a:-3(a:-4) = 2a'~3. 

11. (5-a:)(l4-a:) = (2-a;)(4-hx). 

12. (a:-l)(a:-2) = (a:H.3)(a:-4). 

13. (a:-4)(a:-h4)=a:2_3^^ 

14. ?i— 6 — 9(w— 1)= — 2w. 

15. 27i-3(w + l) = 14. 

16. (3n + 7)a-h4w) = 12w2 + 39. 

17. 2a:-|-2(a:-l) = 3a:-7. 

18. 5(2a:-M) = 3(2a:-7) + 58. 

19. (w — 1) (w — 2) = ^2 — n — 12. 

20. 3a: — 4 = 5(a:— l)-f 3. 



CHAPTER VII 

ALGEBRAIC FACTORS AND FRACTIONS 

In algebra, as in arithmetic, it is often convenient, in per- 
forming multiplications and divisions, to recognize the 
factors of an expression; that is, the expressions that 
multiplied together made the given expression. Just as in 
arithmetic, 3 and 7 are the factors of 21 because 3 x 7 = 21, 
so in algebra the factors of cfl — 6^ are a — 6 and a + 6, for 
(a — 5)(a+ 6) = a2_ J2^ It is only by first knowing the 

products that we can factor such numbers as 25, 18, 24, 36, 
etc. ; so in algebra, factoring comes from the knowledge you 
have of multiplication. 

1. HOW TO TAKE OUT A MONOMIAL FACTOR 

You learned in multiplication that m(a 4- J) = ma + mb. 
So the factors of ma -f mb are m and a-^b. That is, 

ma + mb = m(ja + 6). 

The steps are : 

1. Find J by inspection^ the factor common to all the terms. 

2. Divide ea>eh term of the polynomial by this common mono- 
mial factor, 

3. The divisor and quotient are the monomial and polynomial 
factors J respectively, of the given polynomial. 

115 
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4. Check the work hy multiplying the two factors together to 
see if the product equals the given expression. 

Factor by inspection and check by multiplication: 

1. 2a + 26. 5. 5a2 + 10*2. 9. 4&r + 126y. 

2. bx — 5y. 6. 4a* — 8ftc. 10. Sa^^ + Ba;. 

3. 3ar + 6y. 7. 2aA + 2a<?. u. 3a + 36 — 6e. 

4. 4a— 8 6. 8. 3 ax — 6 ay. 12. Sab — 5 ac-^- Sax. 

13. 22:2^42.y4.8/. 17. 3a:2^.9^_i5. 

14. a^x-^-ax—a^y. 18. Ga^ — 9^ + 12a. 

15. 2aX'-4(Ary'\'2€fiy. 19. 2wf^ + 2irr-\'2ir. 

16. 3a86-6a263 + 9aft8. 20. aV + 4a22?ya-6ary. 

2. HOW TO FACTOR THE DIFFERENCE OF TWO SQUARES 

Since you learned under " special products " that (a -h J) 
(a — 6) = a* — 6*, you know that the factors of €? — l^ are 
(a -f 6) and (a - i). That is, 

Since (a + ft)(a- 5) = fl? - ft^, 

Then fl2-ft^ = (a+6)(fl-6). 

Observe that 

1. 2%f« fyj[?« form has bvt two terms ^ and that they are con- 
nected by a minus sign, 

2. Each term mtist be the square of some earpression. 

3. The factors are each binomials whose terms are alike ^ bvt 
the terms of one factor are connected by a plus sign and of the 
other by a minus sign. 

4. The terms of the factors when squared give the corre- 
sponding terms of the given expression. 
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1. Factor 4 2:2 _ 9, 

4 x^ is the square of 2 x, and 9 is the square of 3, and tha 
squares are connected with a minus sign. Hence 

4a^2-9 = (22;4-3)(2a:-3). 
Check. — • (2 a: + 3)(2 a: - 3) = 4x2 - 9. 

Factor hy inspection and check by miUtiplication : 

2. na-4. U. 9-4J2. 20. x^-4t9y^. 

3. a2~9. 12. a2-1662. 21. ^x^-9yK 

4. y3-16. 13. w2-49. 22. 36 a2- 25 62. 

5. l-a:2. 14. 3^-^86 y\ 23. 2a:2_2y2, 

6. 9 - y2. 15. 4 a2 - 25 J2. (Take out the mono- 

mial factor and factor the 

7. a^* - 25. - 16. 9 ic2 - 4 y^. resulting factor.) 

8. a2_4j2. 17. l6a2-962. 24. 3a2-1262. 

9. a^-Qy^. 18. ar2-64y2. 25. 5^2- 80^2. 
10. a2_25. 19. 16a^^-y2. 26. 6a^*-24y^. 

3. HOW TO FACTOR TRINOMIALS THAT ARE THE 

SQUARES OF BINOMIALS 

You learned under ''special products" that (a-|-6)2 = 
a^ + 2ab-\- h\ and that (a — J)2 = a2 — 2 a6 + J2. Hence you 
know that the factors of a2 -f- 2a6 + 62 are (a + J) and (a -|- J), 
and of a2 — 2 aJ + h^ are (a — J) and (a — 6). That is, 

Since (a + 6)2 = a2 + 2aft+»2, and (a- 6)2 = a2_2a6+ 6». 

Then (^ + 2ab-{- lf^=^ (a+ 6)(a + &). 

And flP--2flft4-er» = (a-6)(a-6). 

Observe that 

1. This type is a trinomial^ two of whose terms are positive 
terms that are the squares of two numbers. 
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2. The third term (usually written between the other two) is 
twice the product of the numbers of which the other two terms are 
the squares (i.e. twice the product of the square roots of the 
other terms). 

3. This third term may be either positive or negative and de- 
termines the sign between the two terms of the factors. 

1. Factor a;^ + 6 ar + 9. 

x^ is the square of x^ and 9 is the square of 3. The prod- 
uct of 3 and x\^^ x, 6 a; is twice 3 x. Hence 

a48 4. 6 a; + 9 = (a; + 3) (a: + 3) 

Check. — (x + 3)(x + 3) = ar^ + 6 a; + 9. 

Factor by inspection and check by multiplication : 

2. a2 + 8aH-16. :li. 4:Qfi—4:xy-\-y\ 

3. a^ — 8 a 4- 16. 12. 9 n^ — 6 mn + w^. 

4. x^-^-Qxy + ^y^. 13. a?^ - 16 a: -f 64. 

5. aj2-6a:y-f 9^/2. 14. 9 a^ + 30 aft + 25 62. 

6. 4a2^-l2aft^-9J2. 15. x^^y^-^xy. 

7. 4a2-20aJ + 25*2. le. a^^b^-^2ab. 

8. a?^ -h 10 a;y + 25 y2. 17. 25 + a2-10a. 

9. 9a:2_24a; + 16. 18. a^^-ZQ^12a. 
10. y2^ 14^^49. 19. Qfijf.l-^2x. 

4. TRINOMIALS COMPOSED* OF TWO BINOMLALS HAVING A 

COMMON TERM 

You learned that (a; -f 2)(a; -f 3) = a? -^ 5 a; -f- 6, or more 
generally (x + a)(a; 4- J) = x^ 4- (« 4- b)x 4- cib* Hence 

x^ 4- (a 4- 6)x + a&= (jr 4- a)(x 4- 6). 
1. Factor a;2 4- 5 a; 4- 4. 
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Observing this type, we see that we are to find two num- 
bers whose product is 4 and whose sum is 5. By inspection 
and trial we find they are 4 and 1, for 1 x4=4 and 1+4 = 5. 

H^^^® a:2 + 5 a; -f 4 = (a: 4- l)(a: + 4). 

Check. — (x + 1)(x + 4) = x* + 5 a: 4- 4. 

2. Factor cfi — 5x-\-4:. 

By inspection we see that the sum of — 1 and — 4 is — 5 
and that the product of (— 1)(— 4) is 4. Hence 

ic2_ 5 ^^.4 =,(a; - 4)(a;- 1). 
Check. — (a: — 4)(x — 1) = a;^ — 5 x + 4. 

3. Factor y2 ^ 3 y - 18. 

We are to find two numbers whose product is — 18, and 

whose sum is + 3. Hence one factor must be positive and 

one negative, and the larger one must be positive. Evidently 

they are + 6 and - 3, for (- 3)(+ 6)= - 18, and + 6 - 3 = 

+ 3. Hence 

y2 + 3y-18=(y-3)(y + 6). 

Check. — (y - S)(y + 6) = y^ + 3 y - 18. 

Factor by inspection and check by multiplication : 

4. a?-{-8x+12. 13. ^24.13^^30. 22. a2^3^_4, 

5. a:2-8a; + 12. 14. b^+12b-{-S2. 23. J2 + 36-18. 

6. r2 + 9a;+14. 15. V^-5b + 6. 24. a:2+3a;-28. 

7. a2-f9a+20. 16. n^- 9/1 + 14. 25. (^^4 0-12. 

8. a2-10a + 9. 17. 2j2- 92 + 20. 26. a2_5^_14. 

9. a2-10a-f21. 18. t^^lOt^Q. 27. c2_4^_21. 
10. 2/^+lly + 24. 19. r2-10r4-16. 28. a?»4-7aj + 12. 
U. y2^11y + 30. 20. a;2-8a;4-7. 29. /^-5r + 6. 
12. a;2-12a; + 20. 21. ar^ + 2a:-3. 30. y2 «. 8 y + 7. 
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S' tsnroHiALs oqhposed of amy two maoMiArs 

Yoa leaioed under -special prodncts'' that (ax +6) 
(ez-^-d)^ <i«r*+ (fe + ad)x + W. Hence 

oar* 4- rftc + arOx + W= (or + 5Xcr + d) 

Studying the moltiplieation below, we may see hoi¥ to 
liu:tffr this type* 

ar+ h 

X 

cr+ rf 

ac^ + (ft<? + a<r)-r + bd 
Observe that 

1, The firgt and third termg of the ffiven trinomial are the 
prodtietB of the first terms and second terms^ respectively, of the 
faetf/rs, 

2. The coefficient of x^ the only common term, is the sum of the 
cro$s prodiicts ad and be. 

\. Factor 8 2?2 + 11 a; + 10. 

We are seeking two factors of 3 a:* and of + 10 whose cross 
products give +11 a?. The method is a "cut and try" 
method. That is, it consists in guessing the correct pair 
from the possible pairs. There are 4 possible pairs shown 

below. 

12 3 4 

x+5 8a: + 5 a; + 10 3a;-hl0 

By inspection, the second pair is the only one whose cross 
products give a sum of 4- 11 s:. Hence 

8 2:' + 11 a: + 10 = (a; -h 2)(3 rc-f 6). 
CiiBOK. — (a? + 2)(8a; + 5) = 3 a* -f 11 ^ + 10. 
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2. Factor 4 a2 - 13 a + 10. 

Since 4- 10 is the product of two factors with like signs^ and 
— 13 a is the sum of the cross products, the sign of the second 
term of each factor must be minus. We try successively the 
following possible pairs (there are six in all) : 



1 


2 


3 


4 


2a-6 


2 a- 10 


4a-2 


4a-5 


2a-2 


2a-l 


a — 5 


a-2 



At once we see that the first three pairs are each impossible, 
for one factor of each pair has a factor of 2, which is not a 
factor of the given expression. Trying the fourth pair, the 
sum of the cross products is — 13 a. Hence 

4 a2 - 13 a + 10 = (4 a - 5)(a - 2). 

Check. — (4 a - 5)(a - 2) = 4 a^ - 13a -f 10. 

Factor and check by multiplication : 

3. 10a;2 + 17a;4-7. 14. 2 3^2 _ 9 ^ _,_ 10. 

4. 3a:2-hl0a;-f3. 15. 2 c^ - H ^ 4. 5. 

5. 5a2-fl2a4-4. 16. 3^2_8e + 4. 

6. 262-I-9J4.10. 17. 4r2H-3r-27. 

7. Sa^ + lOa + 7. 18. 6 a:2 + 17 a; - 14. 

8. 8a;2 + 22 2; + 15. 19. 3a^ + 2a-5. 

9. 3a2-lla-|-10. 20. 3a;2 + a;-4. 

10. 10^2-17^4-7. 21. 3 62 -1-5 _ 2. 

11. 3a:2-10a:-f-S. 22. iy^^y-5. 

12. 5a2-12a4-4. 23. 3<?2-2t?-5. 

13. 862-22 6 + 15. 24. 22? + a;-28- 
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6. A SUMMARY OF FACTORING METHODS 

1 . Look for a common monomial factor. If one is discovered^ 
divide it out. 

2. If the resulting factor is a binomial, see if it is the dif- 
ference of two squares. If so, factor it. 

3. If the resulting factor is a trinomial, see if it is of the 
form c?±%ab-{-V^ or x^ -{-(a-^ V)x 4- ab. If so, factor it. 

4. If not of the above forms, use the " cut and try " method to 
see if it can be factored. 

5. Always check the result by finding the product of the 
factors. 

Factor by any method you can, and check : 

1. a3 + 3a2H-a. ii. r3-2r2-15r. 

2. 4a;2 + 12a:y + 9^2^ 12. an^ -f 13 a?i + 42 a. 

3. m'^n + 6" mn + 9 n. 13. a^ -\- a — 42. 

4. a2 + 8 a 4-12. 14. 2a2 + 3a+l. 

5. at^ — 8 a^ H- 12 a. 15. 2 xy'^ '\- b xy •■\- 2 x. 
C. ?/2^.4y_i2. 16. ^2 _^ 11 ^-26. 

7. an^ — 4: an — 12 a. 17. 6 a^ -h 11 a 4- 3. 

0. a3-i-8a2 4-15a. 18. a;2- 16a;4- 64. 

9. t'^'\-2t^'-lbt. 19. ay^ + ^ay-^lQa. 

10. ax^ — 4 ay^. 20. x^ -\-2xy — ^b y^. 

7. THE MEANING OF A FRACTION 

You learned in arithmetic that division could be indicated 
by writing the dividend over the divisor. Thus, 

7-.3 = | = 2^; 9^4 = 1 = 21; 3-^7 = f; etc. 

In algebra the sign of division is seldom used, but the divi- 
sion is indicated by writing the dividend over the divisor. 
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Xhus, m-*-nis usually written — , and (a + J)-«-(« — *) is 

written "*" * These indicated divisions are called fractions. 

Xhey are read " m divided by n " and " a + 6 divided by 
a — 6," or more briefly "m over n" and " a + 6 over a — 6." 
The same rules that apply to arithmetical fractions apply to 
algebraic fractions. 

8. THE SIGNS OF A FRACTION 

In an algebraic fraction there are three signs to consider : 

(1) The sign before the fraction ; (2) the ngn of the nu- 
merator; and (3) the sign of the denominator. 

Since an algebraic fraction is an indicated division, it must 
follow the law of signs of division. Thus, 

-\- a _ a ^ — a __ a^ — a a -{-a a 

It follows from this, that to preserve the algebraic value 
of a fraction 

1. If the signs of both terms of a fraction are changed^ the 
siffn before the fraction must be left unchanged. 

2. ^ the sign of but one term of a fraction is changed^ the 
sign before the fraction must be changed. 

Write with positive numerators and denominators, placing 
the proper sign before the fraction : 

-(a + b^ 

(«-*) * 

+ y(x + z) 

a(c + ft) 



1. -r— • 4. , > > 7. _ . 10. 



b 


4. 


-2a 
3J^ * 


7. 


92: 

-iiy 


X 

-y 


S. 


-bz 


8. 


— «m 


— X 


s. 


-7« 


9. 


-3 



2. • 5. :?-• 8. • U. 



3. • 6. — -• 9. . 12. _^ 

— y -- 12 w^ bxy — o{a — t?) 
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9. REDUCniG FRACTIOirS TO LOWER TESMS 

Just as like factors may be canceled from both terms of 
the fractions of arithmetic, so they may be canceled from 
both terms of an algebraic fraction without changing the 
value of the fraction. Thus, just as if = | by canceling 4 

from each term, so 5^ = - by canceling y from each term. 

yz z 

Reduce to lowest terms: 

1. \h 6. If. II. £*. 16. ^IMl. 

^ 10 yz 

2. ^. 7. ||. 12. Ij. . 17. St^. 

6 mr? 21 r"** 

5. ^. 10. V'^. 15. ^. 20. 4^. 

SIPCM-rff) A^-h2AB-h& ^^' T~2pT^' 

22. , ^'-^ 25. -^-^  28 1^1 ±4^+1 

23. ^^-^^ . 26. ^±llzil5. 29 J!!zi!^ 

n^ — rn^ t^^t — 6 ' (^^y,\2' 

10. FRACTIONS REDUCED TO MIXED EXPRESSIONS 

You have learned in arithmetic that when the numerator 
is as great or greater than the denominator, it may be divided 
by the denominator and its value thus given as a whole num- 
ber or as a whole number and a fraction. So in an algebraic 
fraction, which is only an indicated division, the numerator 
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may be divided by the denominator when the degree of the 
numerator in any letter is as great as or greater than that of 

the denominator. Thus, just as | = 1|, so = 3 a, and 

a?^ 4- 1 2 ^ 

— -^--- = a; 4- 1 H , found by division. 

a;— 1 x-1 ^ 

Reduce to mixed expressions : 

^ p-1 n-2 

2. -y-. 6. — — • 10. 



2a:-l l^x-x^ 

3. J^. 7. 5^tJ^. 11. 5^^tl6. 

4. J^. 8. ^^^. 12. /+\ . 

11. ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS 

T^ 1,3 1 + 3 4 a h a-^h 

Just as Q + Q = — ^— J or -, so - + -= 

8 8 8 o X X X 

And just as 

2 3^ 8 9 ^ 8-f9 a e ^ad be ^ ad -{-be 

3 4"12 12~ 12 '^^ b d^bd bd~ bd 

That is, 

To add (or subtract) algebraic fractions^ change them to a 
common denominator^ find the sum (or difference) of the nu' 
merators^ and place the result over the common denominator. 



« cib , a 

3. \-- 

c a 



Add: 




, 3a , ba 

^- 4 + 8* 


^' 6 + 26 
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- 8x , X 
2a 5 

_ 4rr , X— 2 



6. 1+1. 
xy xz 

7. j--\ 

DC ac 



8. 



x + 



+ 



y 



x-y 



g-f ft , a— h 



13. MULTIPLTING ALGEBRAIC FRACTIONS 

Just as 



So 



Mvltiply : 



2^5 10 ^4^3 3 

2 

Y X - = r-^, and 2:^ X — = 7^ . 
a bd z bjb bz 



1. 


a? V ^ 
— X — • 




y w 


2. 


4 aw <? 
56 d 


3. 


5m a 




n m 


4. 


hnfl c 
ac d 



5. 



6. 



7. 



8. 



4a;y 3 aft 
6 4y 

2aa;^6y 
6y ax 

a;*v^ , a^x 
— ^ X — 



a* 



8 



hf 



9. 



10. 



11. 



12. 



^2 ^8 



62t? 



aja 
X -^ 



a 



2 



3a ^ . 



g 4- 6 ^ a2 _ ^2 

a — b a+6 



13. DIVISION OF ALGEBRAIC FRACTIONS 

In arithmetic you learned to divide one fraction by another 
by inverting the divisor and multiplying. In the same way, 



Divide : 


a c a d ad 

b ' d b € bo 


a 3 w 

!• 7T -*- -: — • 
2 4a 


, 4a2 2a 
9m 3 


^ 3av 3aw 


8 a a 
♦. -4- — • 



4n 2n 



9m n 



_ 3 x^y 2 a:y2 
5 m^ 10 m 
20 rr2 4 aa; 



6. 



21 a2 • 3 a2 



7. 
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. ^ -3- . y . . 9. ! • 11. -r 



bnfl 4mn ,^ a + 1 a^-1 ,^ 6a + 2 a^ 

10. — = 1 :r-- 12. 



n la^ a a^ 4-a2 2 + a 

14. FRACTIONAL EQUATIONS 

In some problems of mathematics, the equations are stated 
in the form of a fraction. How to solve such equations is 
shown here. 

1. Solve -— = -.. 
2x 4 

SOLUTION 

Observe that 4 x will contain both denominators. Hence 
Multiplying both terms by 4 x, 

6 = ar, 

Or ar = 6, the solution. 

Check. 



2. Solve 



2x6 4 

x + 1 1 2 

^^— ^— ^_ ^s — ^^ — ^^ . 

X X 3a? 



Multiplying both members by 3 a:, 

3(x + l)=3-2. 
Removing parentheses, and collecting, 

3 a; + 3 = 1. 
Subtracting 3 from both members, 

3 a; = - 2. 

Dividing by 3, 

Check the result. 
Solve and cheek : 

3. i^'—l. 4. i + ? + § = l. 

XX XXX 



a: = — 
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OX 10 JT 10 



r-G 



6. h • = U. lO. := . 

X x-f-9 x+5 



5x + 2 8x-h4 

X X— 1 X— 2 x4-2 

13. If a fireman has enough coal to fire one furnace 8 

days, or a smaller one 10 days, how long will it last if both 

are fired ? 

soLmox 

Let z = number of days the coal will last both. Then - represents 

the p-ait of it that is burned per day. Also the first furnace uses - of it 

1 11^ 

per day, and the second — of it. Hence the two use - + — of it per 

dav. Hence the equation 

8 10 X 
Solve the equation as in exercises 3-12. 

14. One boy can mow a lawn in 3 hours and another can 
mow it in 4 hours. How long at this rate will it take both ? 

15. It takes one pump twice as long to fill a reservoir as 
it does another. If the two together can fill it in 4 hours, 
how long will it take each working alone ? 

16. A tank is fitted with two pipes, one of which can 
empty it in 30 min. and the other in 20 min. If the tank is 
I full, how long will it take to empty it if both pipes are left 
open? 

17. A board 12 ft. long is to be cut into two pieces so 
that the longer length will contain 3 of the shorter length. 
Find the length of each. 



CHAPTER VIII 

INDIRECT MEASUREMENT 
1. FINDING HEIGHTS AND DISTANCES: SCALE DRAWINGS 

You have seen lines used to represent the relative lengths 
of various objects. In the bar graphs that you have already 
studied, you saw various magnitudes represented by the 
length of lines. You are also familiar with the maps of 
geography and have noticed a " scale " on these maps from 
which you could measure and compute the distance between 
any two places. In addition to these, you may have seen 
shop drawings and blue prints used by engineers and archi- 
tects. 

All these maps and plans are " scale drawings " in which 
real lengths are represented by shorter lines whose relations 
to the real lengths are known. 

The ratio of any two lines in these scale drawings is the same 
as the ratio of the real lengths which they represent. 

When distances between two objects cannot be measured 
directly on account of some intervening object, as a house, a 
swamp, or a lake, other measurements that can be made are 
taken and a " drawing to a scale " is made, from which the 
required distance can be computed. Squared paper is very 
convenient to use in drawing a figure to scale. 

129 
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""* 1. A man wanted to know the dis- 

tance between two points A and S. 

On account of a small lake lying 

between the two, direct measurement 

1 was impossible. So he measured di- 

* rect north from A 200 yards to C^ a 

* point directly west of B, and tlien 
direct east 150 yards to S. Usin^ a 
scale! ID. =40 

yards, make a 
scale drawing and find tlic distance. 

2. Use squared paper in making 
tbe scale drawing of problem 1 and 
see if your two restdts agree. 

3. If the length of each square in 
the digram represents 10 ft., how 

long a line U represented by AB? By BC? By A.C? 
4. Using a pair of compasses, 
measure the length of AB (in 
squares) by placing one point at ^ 
and adjusting the compasses so the 
other poiat will fall at B. Now 
describe an arc about A as center 
cutting either line upon which ji. 

lies and count the squares. Measure .dC in problems in this 

way. 

5. If a man walks 100 yards due north and then 80 yards 
due east, fiud by a scale drawing how far he is from the 
starting place. 

6. Two men start from the same point. One walks 200 
yards east then 100 yards south. The other walks 150 yards 
north and then 80 yards west. How far apart are they? 
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7. A baseball diamond is 90 feet square. By a scale 
drawing, find how far it is from the first to the third base. 

8. To find the distance from a , 
point at £ to a point at A which he 

could not measure directly, a man 

measured 60 yards to a point O and | 

then 100 yards to point A, noting 

that the line OA made an angle of 

52 degrees with OB. Make a scale 

drawing and find the distance. 

9- To find the distance from point 

£ to a point A on the opposite 
side of a river, a surveyor meas- 
ured to a point 100 yards away 
and on the same side of the river. 
From £ he found angle CBA = 
40°, and from C, angle SCA = 
60°. By a scale drawing, find the 
distance from B to A. 

10. A boy swam from a, boat house at ^ to a diving dock 
at B and wished to know the distance. From a point O he 
observed AAOB=iO''. Then he 

measured to A and found it to 
be 180 yards, and that the an- 
gle OAB = 100°. Make a scale 
drawing and find how far he 
swam. 

11. A man at A wishes to know 
the distance from a house at S 
to a mill at M, both on opposite 
sides of a river from him and on 
opposite sides of a lake from 
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each other. From A he sights a tree at B and notes that 
/ BAH = 95° and that Z BAM= 50". He then measures to 
B and finds the distance to be 200 yards ; and from B he 



finds that ZAj5ff=35° and that Z ABM =10°. Make a 
scale drawing and compute the distance from 5" to M. 

2. ACTUAL PROBLEMS IN INDIRECT MEASUREMENT 

It will be both interesting and instructive to use scale 
drawing to find inaccessible distances by actual measure- 
ments. The engineer uses steel tape 
or a »urveyofs chain for measuring 
distances, and a transit for measur- 
ing angles. But a pupil can easily 
devise crude instruments at little if 
any cost that are suifieiently accurate 
for his purpose, which is merely to 
gain a knowledge of principles used. 
A yardstick or a tape measure can 
be used to measure distance ; and a 
large protractor mounted on a draw- 
A TsANBti; j^^ board and with movable arms 

hinged at the center may be used for measuring the 
angles. 
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1. If you wish to find the distance from a point to some 
inaccessible point, what information must you have before 
constructing the scale drawing? 




a. Show what two measures you would need to find the 
distance from A to £. What other measure is neces- 
sary ? 

3. Show how you could find the distance 
from j1 to -B by measuring one length meas- 
ure only from C. 

4. Measure the distance between two ac- 
cessible' points by the two methods sug- 
gested in problems 2 and 3. Cheek 
your results by actual measurements. By 

which method 



gc 



Road 



were you more accurate ? 

5. Suppose that C is a club 
house and that you wish to 
know the shortest distance 
from the club house to the 
road. Show what measure- 
ments are necessary. 
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6. If you can find a corresponding problem in real 
measnrements, make the necessary measurements and com- 
pute the distance. 

7. Suppose that A and S 
are two trees in a field. Shoinr 
what measurements you can 
take along the road in order 
to make a scale drawing and 
compute the distance from 
one to the other. 

8. Find a similar prob- 
lem to which you can apply real measurements and thus 
find the distance. 




A^^ 



Road 



3. USnrG A PLAVS TABLE TO FIND DISTAHCE 

An instrument called a plane table is easily constructed 
and can be used in finding distances, through scale drawing, 
and in making a map of a lake, pond, river bank, or any 
small area. It consists of a draw- 
ing board mounted on a tripod as 
shown in the figure in the margin. 

In using the plane table for 
finding distances, as for example 
the distance from A to an inac- 
cessible point (7, a piece of paper 
is fastened on the board and a 
pin stuck through the paper into 
the board at a point directly over 
A. A straightedge is placed against the pin and pointed 
toward a second point B which is accessible, and line ah is 
drawn. Then the straightedge is pointed to G and line ac 
is drawn. The plane table is now taken to point B and h is 
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placed directly over -B, ba falling along line BA. The 
straightedge is then sighted to O and a line be is drawn 
cutting ac in c. The figure abc is an exact representation of 
ABC. 



1. Suppose AB is 200 
yards, and ai, on the 
paper, is 10 inches, what 
is the scale upon which 
triangle abc^ represent- 
ing ABC^ is drawn? 

2. If the scale is 1 in. = 20 yards, and ac =\ inch, how 
far is it from J. to (7? 

3. Supposing the distance between two points M and JV 
is wanted, proceed as follows : Select two accessible points 

A and B. Place the plane 
table directly over A so 
jij that a pin at a will bo 
directly over point A. 
Draw a6, am, and a7i toward 
points B, M, N. Now 
place the plane table over 
B^ and then make lines bn 
and bm intersecting an and 

am as shown in the figure. If AB = 400 ft. and ab = 8 in., 

what is the scale of figure abmn? 

4. If scale abmn is 1 in. = 50 ft. and mn is 12 in., how far 
is it from M to N^i 

5. By use of a plane table, find by indirect measure- 
ment the distance from a point to some other point. Check 
your work by direct measurement to see how accurate you 
were. 
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6. By nse of a plane table, find b; indirect measurement 
tbe distance between two points. Cbecfc roor work by direct 
measurement to see bow 



accurate you were. 

7. The following draw- 
ing shows the jnethod of 
making a map cdefg of a 
river bank CDEFG by 
using a plane table. 
Study the drawing and 
explain how points c, d, 

f, and g of the map 




= 640 ft. and ab = 16 in., to what scale 
= 40 ft., how far is it from A to B 



were found. If A£ = 
is the map drawn ? 

8. If the scale is 1 in.= 
when ad= 20 in.? 

9. By the same scale, how far is it from C to F when 
^=15 in.? 

10. Make a map of some small area by the use of a plane 
table and find the scale to 
which the map is drawn. 

4. ANGLES OF ELEVATION 
AND DEPRESSION 
To make a scale drawing of 
a height, as in finding the 
height of a church tower, as 
shown in figure, angles DSC 
and SAO must be known. 
These are called angles of 

elevation. They are the angles made by a horizontal line and 
the line of sight from A (or B') to the top of the tower. 
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1. In the figure on page 136, suppose AB = 75 ft., 
^ DBC= 80°, and Zi>^(7 = 50°. Draw a figure to scale 1 
in. =25 ft. and by measuring CD of your drawing find the 
height of the spire. 

2. A good substitute for a transit can be made for finding 
angles of elevation as follows : A large quadrant (^ a pro- 
tractor) is fastened to a light square 

board which is nailed to a rod AO. DJE 
is a plumb line to show when AC ia 
perpendicular. OB is an arm used to 
mark the angle when sighting along it 
to the top of the object whose height is 
to be measured. Make such an instru- 
ment and show how to use it. 

3. When the angle of elevation of the 
sun is 30° a building casts a shadow 
60 ft. long. Make a scale drawing to 

a scale 1 in. = 12 ft., and find the height of the building. 

4. By scale drawing, find the elevation of the sun when a 
church spire known to be 70 ft. high casts a shadow 105 ft. 
long. 

5. A captive balloon is held by a cable 800 feet long. The 
cable, drawn taut owing to the wind, makes an angle with 
the horizontal of 65°. How high is the balloon? 

6. A flagpole stands on top of a building. From a point 
80 ft. from the foot of the building and on level ground, the 
angle of elevation to the top of the building is 35° and to the 
top of the flagpole 43°. Find both the height of the build- 
ing and the height of the flagpole. 

7. From a point in a high building the line of sight to an 
object below makes an angle of 50° with the horizontal. If 
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the observer is 80 ft. from the ground, how far is the object 
from the foot of the building ? 

Note. — ThU angle is called the Mngm of depnaiioa. 

* 

8. From the top of a mountain known to be 1750 ft. 
above the valley below, the angle of depression to a point in 
the valley below and at the foot of the mountain is 30^. 
How far down the slope of the mountain to the foot, assum- 
ing that the slope is gradual ? 

9. From the top of a hill two houses on level ground and 
in direct line with the observer were seen. The angle of 
depression of the nearer house was 40^ and of the other 20^. 

If the houses are a mile apart 
(5280 ft.> the top of the hiU 
is how many feet above the 
level upon which the houses 
stand? 

^xl5 >C.>w»\ B 10. A and B are two 

K ^ > ^ — ' * " points 80 feet apart from 

which angles of elevation 
were taken to the top of a tree. ADAC^^ZQP and 
Z DBC = 60°. Find (7i>, the height of the tree. 

5. FnrDING HEIGHTS AND DISTANCSS : SIMILAR TRIANGLBS 

Two triangles having the same shape, whether the same 
size or not, are called similar triangles. 

Thus A ABC and DEF are similar for they have the 
same shape, but they are unequal in area. The correspond- 
ing sides of A DEF are twice as long as those of t^ABC. 
But the corresponding angles you will observe to be equal. 
That is, ZA=Z2>, /-B^AE, and ZC^ZF. If two 
angles of a triangle are known, the third angle is also 
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known, for the sum of all three must equal 180°. So we 
may say that 

If two angle% of one triangle are equal respectively to two 
angles of another triangle^ the two triangles are similar 



j^ 




Observing the triangles above, AO\s f of AB^ and so is 
DF f of BE. And in general, 

The ratio of any two sides of a triangle is equal to the ratio 
of the corresponding sides of any similar triangle. 

This fact gives a method of finding heights and distances, 
as will be shown in the problems that follow. 

1. . Since the time of the ancient Greeks, the heights of 
objects have been found by the shadows 
they cast. Thales, who lived about 600 
B.C., is said to have amazed the Egyp- p 

tians by measuring the heights of their 
pyramids by this method. ^^ __. _^ 

Observe the triangle in the margin 
and tell why Z,EBF=^ Z. BAC. Why are the two triangles 
similar ? 

2. In the figure of problem 1, BE^ FE^ and AB can be 
measured. If BE^ 6 ft. and FE= 8 ft., what is the ratio 
of FE to BE? If AB == 60 ft., what must OB equal ? 

Suggestion. — — — = -• 

60 6 
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?i OTE- — By lettiiig the imkiiOTTi height or diMutee 
>j T. the priQciple of ratios of the sid^ irf -oniiUf triangles enables one 
o form Ma eqiutioa that is s»iT«d by mnliip'^itioQ. Thna^ 



3. When a vertical staff 4 ft, high casts a shadow 6 ft. 
long, how high is a tree that oasts a shadow 100 ft. long ? 

a 4. The distance AB aerass a river may 

be found as foUows ; AC is laid off along 

the shore at right angles to AB. Then 

ItC is Ltid oft at right angles to AC. 

o Then E, the intersection of the line of 

sight 2)5 with AC, is looateil. Study the fignre and show 

why triangles DCE and ABE are similar. 

SrotiEsnox. — R«memb«r that when two angles of one biangte are 
equal to two angles of the other, the tnangle^ are ^iiuiW. 

5. In the figure of problem 4. show what lengths that are ' 
needed may be found. If I>C= 200 ft, EC= 150 ft., and 
£J = 100 ft., how far is A from 5? 

6. Centuries ago, before modern instnimeote were in- 
vented, the following method was often used to find inacces- 
sible distances. Upon a vertical staff 

AC, an instrmnent resembling a car- c 

penter's square was placed. The 

blade CD was pointed toward B. and 

while held in this position, the point 

F on the ground toward which CE 

pointed was marked. In triangles AFC and ACB both have 

right angles. Sow show why j^ AFC= ^ ACB. 

SroGESTiox-— ^rCZ) is a right angle. Hence AACF and ACB 
are complements of each other, for their sum is a right angle. 
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7. In the figure of problem 6, what side in triangle ABC 
corresponds to side FA of triangle AFO'f To what side 
does AB correspond ? What lengths that may be measured 
are needed in order to find AB ? 

8. UAF^i ft., and ^C= 5 ft., what is the length of '^B? 

9. Use the method of problem 6 to find the distance to 
some point, then, by making a direct measurement, find how 
nearly you computed the distance. 

10. Before modem methods of finding distances were in- 
vented, drum heads were used as the plane table which you 
have already studied. The 

method was as follows : On a 
drum bead placed at £ a line 
ha was drawn toward A, and 
a line be toward an accessible 
point C. Then the drum 
head was removed to C and 
placed with be in the direc- 
tion of BO. Then a third line ea was drawn toward A. 
That gave a small triangle bea similar to the large triangle 
BOA, for Z ABC = ^abc anil Z.BCA is the same in both. 
Show what measures are necessary in order to find AB. 

11. In problem 10, if BO = 200 yd., be = 10 in., and 
ba = 16 in., find AB. 

l^ Note. — The ratios are pure abstract numbers. 

Thus, the ratio oi be to ba is }g or J. 

12. The cross staff was another instru- 
ment used for finding heights of objects. 
It consists of a movable crossbar DE that 
may be raised or lowered on the bar FQ^. It was used as 
follows : #(? was erected perpendicularly at a convenient 
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distance from the object to be measured. Then DE i^as 
raised or lowered until i>, F^ and B fell in a straight line. 
That gave a small triangle JDEF similar to triangle DOS. 
Show what measurements were necessary. 

13. In problem 12, if BE = 18 in,, EF^ 24 in., aE=S ft., 
and O-A = 60 ft., find the height of the tree AB. 

14. Make a cross staff with arm BE ^20 in., and use it 
in finding the heights of trees, poles, or other convenient 
heights. 

15. The figure shows how the cross staff may be used to 
measure horizontal distances as well as heights. Observe 

that triangle EBC is similar to tri- 
^ angle ABC^ for both are right tri- 



^' **^^ ^ angles and both have a common angle 

at (7. Show what measurements are 
necessary in order to find AB. 

16. In problem 15, find AB when EC = 4 in., EB = 20 in., 
and ^(7 = 6 ft. 

17. Use the method of problem 15 to find some short 
distance and test the accuracy of your computation by actual 
measurement. 

6. FINDING HEIGHTS AND DISTANCES : TRIGONOMETRIC 

RATIOS 

You have learned two ways of finding heights and dis- 
tances : (1) By scale drawings^ and (2) by similar triangles. 
But you found difficulties in using each method, and that 
slight errors in measurement caused greater errors in the 
results. For example, when using a scale 1 in. = 50 yd. an 
error of ^^ in. in measuring a line of the plan or Tnap made 
an error of nearly 10 in. in the actual length represented. 



INDIRECT MEASUREMENT 143 

Or if 1 in. 3s 24 mi. on a map, an error of -^ in. would 
make an error of 1|^ miles in the actual distance repre- 
sented. 

Likewise in using the method of similar triangles we had 
to be sure that the angles of one triangle were equal to the 
angles of the other. Besides the factor of error that so 
easily entered into either of the two methods, you found that 
it required much time and many careful measurements to 
get even approximate results. Where a high degree of 
accuracy is desired, we must have more refined methods. 
Such a method has been worked out in that branch of 
mathematics called trigonometry. It is based upon the prin- 
ciples of similar triangles which you have studied, but these 
principles are applied to similar right triangles. You have 
already learned that any two triangles are similar when 
two angles of one are equal to two angles of the other. 
Hence 

Two right triangles are similar when an acute an/gle of one is 
eqtjuzl to an acute angle of the other, 

1. Draw a right triangle ABO with acute angle A = 30°, 
and right angled at B, using great care in constructing the 
angles. Letter the sides a, J, and c; a opposite ^ A^h oppo- 
site Z J?, and c opposite Z C. Use any length you please 
for the sides c and J. The longer the length used, how- 
ever, the more accurate the results are likely to be. Now 

find the ratios -,7, and -. 

CO 

2. How did the results of the various members of the 
class compare ? From your knowledge of similar triangles 
what did you expect to be true of the various results found 
for each ratio ? 
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3. Let each member of the class make four right triangfles 
with angle A = 40°, lettering the triangle as before, and. 
tabulate his results in the following form : 

TABLE OF RATIOS FOR Z ^ = 40° 





Length of a> 


LSNGTII OF & 


Length of c 


a-*-c 


c ■*- 6 


rt -4- & 


























, 

































If you were very careful with your linear and angular 
measurements in the two problems you have solved, you 
found very nearly the following results : 

For Z^ = 30°, - = .577, ^=.866, ?=.5. 

coo 

For Z ^ = 40°, - = .839, \ = .766, % = .643. 

coo 

And thus we say : 

For any given acute angle of a right triangle^ there is a con- 
stant ratio between any two sides^ whatever their lengths. 

In referring to the sides of any right triangle when dealing 

^ with either acute angle as Z A^ 
there are the " side adjacent," as c ; 
the "side opposite," as a; and the 
hypotenuse, as b. The ratios of 

these three sides are -, -, and - . 

c b o 

^ These three ratios are called trigo- 
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nometric ratios and are named with reference to the angle A 
as follows : • 

— = -— — 2E =- tangent oi Z. A (abbreviated tan A^ 

c side adjacent 

< 

c side adiacent . ry>i^uu -i.^ a'\ 

— = — ^ = cosine of Z ^ (abbreviated cos A) 

o hypotenuse 

a side opposite . x^yii^uu 'x^' a\ 

— = ^^ = sine of Z J. (abbreviated ^in A) 

o hypotenuse 



These are written as formulas 



tan J. = - • 

c 



A ^ 

cos ^ = T • 



a 



sm ^= T* 



The values of these ratios for angles from 1° to 89° have been 
accurately computed and are given on the following page 
true to the fourth decipial place. Where great accuracy is 
needed, tables carried out to six, eight, or more places are 
used. 



7. THE USE OF TRIGONOMETRIC TABLES 

1. Find the height a; of a flagstaff when the angle of 
elevation at a point 120 feet from the foot is 40°. 

Analysis of the Problem. — Here the " side opposite " is unknown 
and the "side adjacent" known. The 

ratio — - is the tangent ratio. In the tables, 

tan 40° = .8391. Hence the required equa- 
tion is 

-^ = .8391. 
120 

Solving the equation 

a: = 120 X .8391 = 100.692. 

Hence the flagstaff is about 100 ft. high. 




/20' 
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VALUES OF SINES, COSINES, AND TANGENTS 



Dbg. 


fliira 


• 
Cosune 


TANGurr 


Dbo. 


Snra 


OosnnB 


Tanokmt 




1 


.0175 


.9998 


.0175 


45 


.7071 


.7071 


1.0000 




2 


.0349 


.9994 


.0349 


46 


.7193 


.6947 


1.0355 




3 


.0523 


.9986 


.0524 


47 


.7314 


.6820 


1.0724 




4 


.0698 


.9976 


.0699 


48 


.7431 


.6691 


1.1106 




5 


.0872 


.9962 


.0875 


49 


.7547 


.6561 


1.1504 




6 


.1045 


.9945 


.1051 


50 


.7660 


.6428 


1.1918 




7 


.1219 


.9925 


.1228 


51 


.7771 


.6293 


1.2349 




8 


.1392 


.9903 


.1405 


52 


.7880 


.6157 


1.2799 




9 


.1564 


.9877 


.1584 


53 


.7986 


.6018 


1.3270 




10 


.1736 


.9848 


.1763 


54 


.8090 


.5878 


1.3764 




11 


.1908 


.9816 


.1944 


55 


.8192 


.5736 


1.4281 




12 


.2079 


.9781 


.2126 


56 


.8290 


.5592 


1.4826 




13 


.2250 


.9744 


.2309 


57 


.8387 


.0440 


1.5399 




14 


.2419 


.9703 


.2493 


58 


.o4oU 


.5299 


1.6003 




15 


.2588 


.9659 


.2679 


59 


.8572 


.5150 


1.6643 




16 


.2756 


.9613 


.2867 


60 


.8660 


.5000 


1.7321 




17 


.2924 


.9563 


.3057 


61 


.8746 


.4848 


1.8040 




18 


.3090 


.9511 


.3249 


62. 


.8829 


.4695 


1.8807 




19 


.3256 


.9455 


.3443 


63 


.8910 


.4540 


1.9626 




20 


.3420 


.9397 


.3640 


64 


•.8988 


.4384 


2.0503 




21 


.3584 


.9336 


.3839 


65 


.9063 


.4226 


2.1445 




22 


.3746 


.9272 


.4040 


66 


.9135 


.4067 


2.2460 




23 


.3907 


.9205 


.4245 


67 


.9205 


.3907 


2.3559 




24 


.4067 


.9135 


.4452 


68 


.9272 


.3746 


2.4751 




25 


.4226 


.9063 


.4663 


69 


.9336 


.3584 


2.6051 




26 


.4384 


.8988 


.4877 


70 


.9397 


.3420 


2.7475 




27 


.4540 


.8910 


.5095 


71 


.9455 


.3256 


2.9042 




28 


.4695 


.8829 


.5317 


72 


.9511 


.3090 


3.0777 




29 


.4848 


.8746 


.5543 


73 


.9563 


.2924 


3.2709 




30 


.5000 


.8660 


.5774 


74 


.9613 


.2756 


3.4874 




31 


.5150 


.8572 


.6009 


75 


.9659 


.2588 


3.7321 




32 


.5299 


.8480 


.6249 


76 


.9703 


.2419 


4.0108 




33 


.5446 


.8387 


.6494 


77 


.9744 


.2250 


4.3315 




34 


.5592 


.8290 


.6745 


78 


.9781 


.2079 


4.7046 




35 


.5736 


.8192 


.7002 


79 


.9816 


.1908 


5.1446 




36 


.5878 


.8090 


.7265 


80 


.9848 


.1736 


5.6713 




37 


.6018 


.7986 


.7536 


81 


.9877 


.1564 


6.3138 




38 


.6157 


.7880 


.7813 


82 


.9903 


.1392 


7.1154 




39 


.6293 


.7771 


.8098 


83 


.9925 


.1219 


8.1443 




40 


.6428 


.7660 


.8391 


84 


.9945 


.1045 


9.5144 




41 


.6561 


.7547 


.8693 


85 


.9962 


.0872 


11.4301 




42 


.6691 


.7431 


.9004 


86 


.9976 


.0698 


14.3006 




43 


.6820 


.7314 


.9325 


87 


.9986 


.0523 


19.0811 




44 


.6947 


.7193 


.9657 


88 


.9994 


.0349 


28.6363 




45 


.7071 


.7071 


1.0000 


89 


.9998 


.0175 


57.2900 
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2. The length of a kite string is known to be 200 yards. 
TVhen the string drawn taut by the kite makes an angle of ele- 
T^ation of 40°, how high is the kite ? 

Analysis of the Problem. — Here 
again the '* side opposite " is unknown, but 
in this case the hypotenuse is known. The 

ratio — is the sine ratio. In the tables. 
200 

sin 40 = .6428. Hence the equation is 

-^ = .6428. 
200 

3. To find the distance directly east and west between 
two points A and B at opposite ends of a lake, a surveyor 

/7 measures a line AC^ making an angle of 
60® with AB to a point C directly north 
of B. Find AB ii AC = iOO yards. 

Akalysis of the Problem. — Here the 
" side adjacent " is unknown and the hypotenuse 

is known. The ratio -^ is a cosine ratio. In the 

400 

tables, cos 50°= .6428. Hence the equation is 

^ -£- = .6428. 

400 

4. Study problems 1, 2, and 8 and tell when to 
use the tangent relation,'T?iieii the sine, and when 
the cosine. Find x in each of the 
following: 
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5. When one leg of a 'right angle is 20 in. and the other 
30 in., what are the sizes of the two acute angles ? 

Analysis of the Problem. — In 

the fiffure, tan A = ~ = .6667. Run- 

ning down the column of tangents in 
the table, we find .6494 and .6745. 
Since .6667 Hes between the two num- 
bers that are tangents, respectively, of 
33° and 34°, Z ^ lies between the two. 
Since it is nearer .6745 than .6494, we 

may say that ZA is nearly 34. In tables giving the ratios for minutes 

and seconds the exact size of the angle may be found. 

6. When a vertical pole 12 ft. high casts a shadow 9^ feet 
long, what is the angle of elevation of the sun ? 

7. Measure accurately the edges of a sheet of paper and 
by trigonometry find the angle that the diagonal makes with 
each edge. Now measure the angle with a protractor and 
see how nearly you computed the 
angle. 

8. To find the height of a tree 
AB^ a boy measured off 80 feet, 
and with a quadrant (described in 
the last chapter) found the angle 
of elevation to the top to be 42°, 
and that the quadrant at D was D 
5 ft. above the level of the ground. (^ 
Find the height of the tree. 

9. In the same way, measure heights in the neighborhood 
of the school. 

10. From the 8th story of a high building known to be 
112 ft. above the street, a boy observed an object at an angle 






X 
X 
X 

X 



V'N 



\ * 



\ 






INDIRECT MEASUREMENT 149 

of depression of 30°. How far was the object from the 
building ? 

IX. From the top of a tower known to be 120 ft. high, 
a boy took the angle of depression 
of two trees which lay in direct M^'S^ 
line upon the same horizontal ^ \ ^-' 
plane with the tower. The angle . 
of the nearer was 55° and that of , 
the other 40°. How far apart ^ 
livere they ? 

12. The distance from the base 
to the top of a hill up a uniform 

incline of 36° is 300 yards. How far is the top above the line 

of the base ? 

• 

13. A kite string 1000 feet long makes an angle of 65° with 
the horizontal. Not allowing for sag, how high is the kite ? 
How far is it from the holder of the string to a point directly 
under the kite ? 

14. From the top of a cliff 200 feet above the level of the 
water, a boat is seen at an angle of depression of 20°. How 
far is the boat from the foot of the cliff ? 

15. When an airplane was directly over point -4, an ob- 
server at point B 500 yards away observed the angle of eleva- 
tion to be 53°. How high was the plane ? 

16. From the top of a cliff 175 feet high on the bank of a 
river, the angle of depression of the opposite side was 28°. 
How wide was the river ? 

17. When the angle of elevation of the sun is 36°, how 
long a shadow on level ground will a pole 80 feet tall cast ? 

^ = tan 36°. 

X 



CHAPTER IX 

EQUATIONS WITH TWO UNKNOWNS 

In the problems that you have met in the preceding chap- 
ters you have had equations involving but one unknown num- 
ber ; or, at least, you have stated all of the unknowns in terms 
of a single unknown. In many of the problems of mathemat- 
ics, there are two or more unknown numbers. In fact, many 
problems arising in finding heights and distances by use of 
trigonometric ratios, which you have just studied, involve 
two unknown numbers. We shall see in this chapter how to 
solve such problems. 

1. FINDING HEIGHTS AND DISTANCES 

1. The angle of elevation of a tree is 45° from a point on 
the ground, and from an upper window 30 feet above the 

point on the ground it is only 30°. 
Find the height of the tree. 

Analysis of the Problem. — Studying 
the figure, you observe that in each of the 
right triangles the two sides needed to ex- 
press a ratio are unknown. Calling x the 
height of the tree, and the " side adjacent " 
to the known angle y, we can form the following equations : 






X 

y 


= tan 45°. 


X 


-30 

y 


= tan 30°. 
152 
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f 

These two equations are said to form a pair of simultaneous equations 
in two unknowns. To solve them, we must in some way combine them 
into one equation that will have but one unknown. This can be done 
in several ways. In this particular problem, perhaps the simplest way is 
to ** solve for y in terms of a: " in the first equation and " substitute the 
value found " in the second equation. 

Since tan 45'^ = 1 and tan 30° = .5774, the equations become 

1. - = 1. 

• y 

2. ^^—^ = .5774. 

y 

Multiplying equation 1 by y, 

3. a: = y. 
Substituting x for y in equation 2, 

X 

We now have one equation having but one unknown and can solve it 
by the methods already studied. 

Multiplying both sides by x, ^ 

5. X - 30 = .5774 x. 
Adding 30 to both sides, 

6. X = 30 + .5774 x. 
Subtracting .5774 x from both sides, 

7. .4226 X = 30. 
Dividing both sides by .4226, 

8. X = 71, nearly. 

This method of solving a pair of simultaneous equations is 
called the method by substitution. 

2. To find the height of a hill above the level, the following 
measurements were taken : 
From O the angle of eleva- 
tion of the top of the hill 
was found to be 45°; from 
D, a point 200 feet farther .';-^r'. 
from the foot of the hill, the ^ ^^^' 




154 



JUNIOR fflGH SCHOOL MATHEMATICS 



angle of elevation of the top was only 22^. Find the height 
of the hill. 

3. From the top of a hill two houses in line with the ob- 
server and known to be 500 yards apart were seen. The 




•^^ 



SOOYP. 



angle of depression of the nearer house was 18°, and of the 
other 10°. Find the heisrht of the hill. 



1. 



^ = tan 72°. 

X 

y + ^^ = tan 80°. 



Why? 
Why? 



ObserTe that equation 2 may be written 
3. ^ + 500 = tan80^ 

X X 

Subtracting equation 1 from equation 3, 

500 



Why? 



r9 



4. 



= tan 80° - tan 72°. 



We have thus eliminated y and have one equation in one 
unknown. 

This method of elimination is called eUmination by sub- 

"^ 'c traction. 

v^" v^ In equation 1, substitute the 




TOO 






•/I ^vT^ value of tan 80^ and tar 72 
and solve for jr. 



3 ^00 YP. A. y 



4. To find the height of a 
cloud, I observed its elevation 
to be 35". I then walked to- 
ward it, on level ground, 800 
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yards and found the eUration to be 60". Find the height 
of the cloud. 

5. To find the length of a flagpole on the top of a tall build- 
ing, I took the following measurements: From a point A, 
from which I was not able 
to measure to the foot of the 
building,,! found the angle ^*''' 

of elevation of the top of the _-' ^- 

flagpole to be 50°; and I „-^'' J\st 

found the anG^le of elevation „ ^' ,.!., / CV--- . 

to the top of the building to 

Ije 45°, so that the distance to the bottom was equal to the 
height. From a point 100 feet farther away the angle of 
elevation to the top of the flagpole was 30°. Find the height 
of the flagpole and the height of the building. 

2. GENERAL METHODS OF ELIHIHATION 

In the five problems that you have just solved, you have 
had to combine the two equations in such a way as to get a 
single equation having but one unknown. This process 
was called elimination. We shall now discuss the general 
methods of elimination and give drill in using them. 

3. ELIUIHATIOH BT ADDITION AND SUBTRACTION 

The two problems that follow illustrate elimination by ad- 
dition and subtraction. 

1. Solve 21+ y=sll, (1) 

52r-2y=14. (2) 

Multiplying equation (1) by 2 so as to make the coeffi- 
cient of y alike numerically, we have 
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4x + 2y = 22 (3) 

ojT — 2y=14 (4) 

Adding (S) and (4), 92: = 36 (5) 

Dividing by 9, x = 4. 

Substituting 4 for i: in equation f 1), ' 

Solving for y, y = 3. 

C%€cA: bv substituting these values in equations (1) and 

8 + 3 = 11, 
20-6 = 14. 

This method is called elimliuitioii by aHHlriffn, 

2. Solve 2a: + 3y=12, (1) 

4:x— y=10. (2) 

Multipljing equation (1) by 2 to make the coefficients of 
X alike, we have 

42r + 6y=24 (3) 

4a;~ y = 10 (4) 

Subtracting (4) from (3), 7 y = 14 (5) 

Dividing by 7, y = 2. 

Substituting 2 for y in equation (1), 

2ar+6 = 12. 
Solving for x^ a: = 3. 

Check by substituting these values in equation (1) and (2), 

6+6 = 12, 
12-2 = 10. 

This method is called elimination by sabtraction. 
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Outline of the Method 

1. Multiply the members of both equations^ if necessary^ by 
such numbers as will make the coefficients of one of the un- 
knowns the same numerically in both equations. 

2. If the like coefficients have different signs^ add the two equa- 
tions ; if they have the same sign, subtract one equation from 
the other. This gives one equation having but one unknown. 

3. Solve the resulting equation for the unknown which it 
contains. 

4. Substitute the value of the unknown found in step 3 in 
either equation containing both unknowns. This gives an equa- 
tion containing the second unknown. Solve the equation for 
the second unknown. 

5. Check by substituting the values found, in both of the 
given equations. 

Eliminate by addition or subtraction, solve and check : 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



'x-{-y = 7, 
x^ y= — S. 

6a;-f 4y = 22, 
Sx-i- y = 9. 

7 a; - 2 y = 15. 

7a:-2y = -15, 

-22;+ y=6. 

ix-Sy = l, 
Sx-4:y = 6. 

2 a; -f 5 y = 15, 
3a;-4y = ll. 

a: + 4y = 12, 

2 a;— y = 6. 



8. 



9. \ 



10. 



11. 



12. \ 



13. i 



14. \ 



6a; -|-7y = -33, 
5 a; — 4y = 2. 

r7a; + y = 42, 
iSx — y=i8. 

r5a;-2y = 35, 
i^ 6 a; 4- y = 25. 

r2a;- y = 5, 
|5a;-2y = 14. 

r5a-2i = l, 
(*8a-5 6 = -ll. 

r2a;+ y=S5, 
[5a;-3y=27. 

f3a;+2y=:4, 



(^3a; — 4ys=l. 
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15. 



17. 



22: + 6y«4. "^ l2x+ y = 13. 

^Si:- y = 5, '3x-2y=9, 

:5a:+2y = 23. ^- |2x+3y=19. 

;32:+2y = 4, ;3x+ y = 16, 

;22: + 7y = 31. ;2x-3y = 7. 



4. PROBLEMS nryOLYDIG TWO UnOTOWHS 

You saw a real need of knowing how to state and solve 
problems involying two unknowns in the problems at the 
beginning of this chapter. The following problems are 
given more for practice in stating and solving problems 
with two unknowns than to meet a real need. When there 
are two unknowns, there must be two conditions, each of 
which gives an equation in the two unknowns. 

1. A 12-foot post is to be set in the ground so that the 
part above ground is 3 feet longer than the other part. 
Find the depth to which the hole must be dug. 

Let X = the length in the ground, and y = the part 
above ground. 

By the first condition, a: + y = 12. (1) 

By the second condition, y — a; = 3- (2) 

2. A rectangular field is 10 rd. longer than it is wide, 
and its perimeter is 100 rd. Find its dimensions. 

Let X = length, and y = width. 

By the first condition, a; — y = 10. (1) 

By the second condition, 2ar -h 2 y = 100. (2) 

3. A rectangle whose length is twice its width has a 
perimeter of 120 feet. Find its dimensions. 
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4. A board 10 feet long is to be cut into two pieces one 
of which is one foot longer than the other. Find the length 
of each part. 

5. A board 14 feet long is to be cut into two parts so 
that one piece is | of the other. Find the length of each 
part. 

6. In a classroom of 42 pupils there are 8 more girls than 
boys. How many of each ? 

7. In a high school having 780 pupils in both the Junior 
and Senior schools, there are only | as many in the Senior 
high school as in the Junior high school. How many in 
each? 

8. A grocer blended tea costing 24^ per pound with tea 
costing 30^, and sold it all for 40^ per pound. If the total 
cost was $5.28 and the profit $2.72, how much of each kind 
did he use ? 

9. A boy has $3.50 in nickels and dimes. There are 50 
coins in all. How many of each has he ? 

10. One acute angle of a right triangle is 16° larger than 
the other. Find each acute angle. 

5. ELIMINATION BY SUBSTITUTION 

The following problem illustrates the method of elimina- 
tion by substitution. 

1. Solve x+y — b^ (1) 

a: + 3i^=9. (2) 

To eliminate y, solve (1) for y in terms of x. 
Solving (1) for y, y = 5 — a;. (3) 

Substituting this value of y in equation (2), 
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z-f 16-3a: = 9, 

a;= 3. 
Substituting 3 for 2; in equation (1), 

3 + y = 5, 

y = 2. 

Checkhj substituting these values in equations (1) and (2), 

3 + 2 = 5, 
3 + 6 = 9. 

Outline of the Method 

1. Solve one equation for one unknown in terms of the other, 

2. Substitute the value found in place of the unknottm in the 
other equation. This gives an equation having hut one unknown, 

3. Solve the resulting equation for the unknown which it 
contains. 

4. Substitute the value of the unknoum then found in either of 
the equations containing two unknovms and solve for the second 
unknown. 

5. Check by substituting the values found in the given equa- 
tions. 

Eliminate by substitution^ solve^ and check: 

fa: + y = 5, ^ \x-hy=30, 

' U + 5y=13. * I3a:-2y=25. 

I a; + 2 y = 16. i 2 a: + y = 14. 

fa; + 4y = 7, ^ |2a: + y = 7, 

' z + 6y = 9. * la:+3y = 16. 
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^ 3a;~7y = 40, f3a-h26 = 26, 

4a;-3y = 9. ' l5a-26 = 38. 



8. 



4a;-5y = 26, • f/- + 2« = 4, 

3aj-6y = 15. • t3/--* = 6. 



3a + 7J = 16, ^2 l^ + 2« = 4, 

2 a 4-5 J = 13,  lr-2« = 12c 



6. PROBLEMS OF TWO UNKNOWNS 

1. Find two numbers whose sum is 21 and whose dif- 
ference is 9. 

2. The sum of two numbers is 13. One exceeds twice 
the other by 1. What are the numbers ? 

3. The difference of two numbers is 72. One of them is 
4 times the other. What are the numbers ? 

4. The sum of two numbers is 64. The quotient of the 
larger divided by the smaller is 7. What are the numbers ? 

5. The value of a fraction is f . If 7 is added to each 
term, the value of the resulting fraction is |. Find the 
fraction. 

6. A surveyor wishes to set a stake in a line 200 feet long 
so that it will divide the line in parts whose ratio is as 3 to 4. 
How far from each end must it be set ? 

7. A boy has 60 coins in dimes and nickels, making a 
total of $ 3. How many of each has he ? 

8. One of two supplementary angles is 20° more than 
twice the other. How many degrees in each ? 

9. If one acute angle of a right triangle is twice the other, 
how many degrees in each ? 
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10. The base angles of an isosceles triangle are each twice 
the vertical angle. How many degrees in each angle of tlie 
triangle? 

11. How much milk testing 4 % butter fat and cream test- 
ing 24 % butter fat must be mixed to make 20 gallons that 
test 20 % butter fat ? 

12. A number of two digits whose sum is 11 is dimin- 
ished by 45 when the digits are interchanged. What is the 
number ? 

Suggestion. — Let t = tens' digit and u = ones' digit. Then the 
number is 10 < + w. 

13. The sum of two digits of a number is 9. By inter- 
changing the digits the number formed is 45 larger than the 
given number. Find it. 

7. SYSTEMS OF EQUATIONS CONTAINING FRACTIONS 

There is a type of problem giving equations whose un- 
knowns occur only as monomial denominators. These are 
solved by eliminating one unknown before clearing the 
equation of fractions. The type of problem and the method 
of solving it is here shown. 

1. A tank can be filled by two pipes one running two 
hours and the other four hours, or by the first running three 
hours and the other two hours. How long will it take each 
alone ? 

SOLUTION 

Let X = time required by first alone. 

And y = time required by second alone. 

Then - = the part of the cistern filled by the first in one hour. 

X 

And i = the part of the cistern filled by the second in one hour. 
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2 4 

From the first condition, - + - = 1. 

X y 

3 2 
From the second condition, - 4- - = 1. 

X y 
Multiplying equation (2) by 2 and subtracting equation (1), 

X y 
X y 



Solving (4), • 
Substituting in (1), 

Solving (5), 

Solve and check: 



1. 



2. 



3. 



4. 



— r - — *-> 
X y 

X y 

» y 

fi + i = 7, 
X y 

1-1 = 3. 
a; y 

1^-4 = 4. 



4 

X 



= 1 

X = 4. 



4 y 
y = 8. 



5. 



6. 



7. 



8. 



X 



y 



15 + 1=8, 

a 
6 2_- 

a 6 

a 6 

a 

^ + «=3, 
r « 

12_20^_3 

r s 

J— A = 4, 
2x 5y 

a; y 



(1) 
(2) 



(3J 

(1) 
(4) 

(5) 
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8. WORK PROBLEMS OF TWO UmarOWHS 

1. A tank can be ^ filled by one pipe running one hour 
and another running two hours. But it can be entirely 
filled by the first running two hours and the second three 
hours. How long will it take each alone? 

2. A piece of work can be completed by two men each 
working 1^ days; or by one working three days and the 
other 11 da vs. How lono^ will it take each alone? 

3. A tank can be filled by two pipes, one running six 
hours and the other three hours; or by the first running 
four hours and the second running six hours. How long 
will it take each alone? 

4. A water tank can be filled by two pipes in 8| minutes. 
If the first is left open 10 minutes and the second 8 minutes, 
the tank will be fiUed. In what time can each pipe alone fill 
the tank? 

5. Two steam pumps together can fill a reservoir with 
water in 64 hours. If one pump works 8 hours and the 
other 3 hours 48 minutes, the reservoir will be filled. How 
long would it take each pump alone to fill it ? 

6. In a factory which operates two sizes of machines it is 
found that two large machines and five small ones can turn 
out a certain quantity of goods in twelve hours, while four 
larore ones and three small ones can do it in ten hours. Find 
how long it would require one machine of each size alone to 
turn out the goods. 

7. A and B together can do a piece of work in IB^ days. 
After thev have worked six davs B leaves, and A finishes 
the work in 16J days more. In how many days could each 
of them alone do the work? 



CHAPTER X 

GRAPHIC REPRESENTATION OF EQUATIONS IN TWO 

UNKNOWNS 

Equations containing two unknowns may be pictured to 
the eye by means of lines. These lines show relationships 
more clearly than the equation itself shows them. Since a 
line may be considered as a series of points, the first step in 
learning to represent an equation by graphs is to learn how 
to locate points. 

1. HOW TO LOCATE POINTS 

As you know, points on the earth's surface are definitely 
located by their latitude and longtitude. Thus, Chicago is 
88° west of the prime meridian and 42° north of the equator. 
Likewise, any point in a plane may be located by knowing its 
distance from each of two intersecting straight lines. 

For convenience in locating points we take two straight 
intersecting lines, one vertical and one horizontal, which 
make right angles with each other. These are called the 
axes and their intersection is called the origin. 

The vertical axis is usually called the ^-azis, and the 
horizontal axis, the x-axis. 

Point A may be described jas 2 units to the right of the 
y-axis, and 2 units above the aj-axis. 

To avoid saying "to the left of," "to the right of," 
** above" or "below," it has been agreed to call distances to 
the right of the y-axis positive, and to the left of it negative ; 

165 
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and to call distances aio»« the lE-axis 
potUive, and helow it negative. 

Thus, the position of S is (+ 1, — 2) 
which means that it is 1 unit to the 
right of the y-axis, and 2 units below 
the a>axis. 

To avoid confusion, the distance to 
the right or left of the y-axis is always 
given firgt, and the distance below or above the z-axis is 
given second. 

The first is called the jr-distance and the other the y-dlstaoce. 

1. Give the position of A in terms of signed numbers. 

2. In the same way give the location of C Of J). 

3. Locate a point described as (+ 3, — 4). 

2. PLOTTINO A POIKT 

" Plotting a point" means locating it on squared paper when 

its distances from the axes are known. 

Thus, to plot point A whose distances 
are described as { — 2, + 3) is to count 
2 units to the left on the x-axis, and 
8 units above on a line parallel to the 
^-axis. 

1. On squared paper locate a point 
4 units to the left and 3 units above the 

^-axis and the a^•axis, respectively. Give the method of de- 
scribing this with signed numbers. 

2. The x-distance of a point is — 3, and its ^-distance 
is + 2. Locate it. 

3. A certain point is on the y-axis. Can you definitely 
locate it ? 
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4. If the ^-distance is zero, upon what axis is the point ? 

5. What represents the ai-diatance of a point on the y-axis? 

6. Locate the point whose position is (0, 3); (— 2, 0). 

7. Plot the following points : (2, 3), (3, -2), (-1, -3), 
CO, - 3), (2, 0). 

8. Plot the following points: (1|, ^), (- ^, + IJ), 

3. PICTURING AS EQUATION OF TWO TTNKNOWNS 

Now that we can locate points, we can picture an equation. 
Thus we shall picture the equation Sx+ j/=Q. 

Yon have seen that if you solve for either unknown, the 
result contains the other unknown. Thus, to solve for y. 

Thus it is seen that the value of y depends upon the value 
of X. That is, .y is a function of x, or x is a, function of tf. 

In the above solution for y in terms ot x, if a; = 1, y = 3 ; 
if x=2, y = 0; if x=3, y=-3; if^ = 4, ^==-6; etc., 
giving a new value for y for any value given x. 

By carefully plotting the points rep- 
resented by these solutions, calling the 
37-value the a^-distance, and the y-value 
the y-distance, we get a series of points 
lying on a straight line. 

This straight line is the graphic repre- 
sentation of the equation 3 a: + y = (5. 

Since the graphs of all equations of 
two unknowns, each of which is of the 
first power or degree, can be shown to 
be straight lines, such equations are I 
called linear equations. j 
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Since two points determine a straight line, by plotting two 
points, the graph of a linear equation can he drawn. 

1. Draw a graph o£ the equation x — g=^. 

Solving for y. 

When x = (i, y = —1. 

When a; = 5, (/ = 3. 

KoTE. — By locating points which are 
several units apart, an accurate line is 
more easily drawn. That is why x= 5 in- 
stead of £=1 was taken. 

Plotting the points (0, - 2) 
and (5, 3) a straight line is drawn through these points by 
means of a ruler. 

2. In the equation 3 a; + 2 ^ = 18, what is the value of y 
when a; = ? What is the value of x when y = ? 

From the two sets of values, ~ and I ~ , plot the 

points; (0, 9) and (6, 0) and draw the graph of the equation, 

Observethatthetwosetsofvaluet needed are more easily found 
as in problem ^ than as in problem 1. 

That is, letting a; = and y = we find the points where 
the line (graph) cuts the y- and a^-axes. 

3. Plot the equation x + 2 y z= 8 hy finding where the line 
cuts the axes. 

4. Where does the graph of the equation 4a!+Sy=12 
cut the a;-axis ? The y-axis ? 

5. Plot the equation 2 x — 3 y = 6, 

6. Plot the equation 8 a: — y = 9. 
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4. THE SOLUTIOK OF A LIKEAR SQUATIOIT OF TWO 

UMKNOWirS 

In the equation 2 a; -|- 3 = 7 you found hut one value of x 
that satisfied the equation. That was x^2. This is called 
a solution of the equation. 

But in 2a: + 3y=«6 you found mani/ solutions. In fact, 
for ant/ value given one unknown there was a value for the 
other. Thus, any set of values that satisfied the equation 
was a solution of the equation. This shows that there is no 
definite solution for an equation in two unknowns having 
but one equation. 

1. Twice a given number is 6 more than 3 times another. 
What are the numbers? 

Analysis of the Problem. — There is only one condition given, 
hence there can be only one equation. The equation is 2 a: — 3 y = 6. 
Draw a graph of the equation and show a number of sets of values that 
satisfy the equation. 

5. THE SOLUTION OF A SYSTEM OF TWO LINEAR 
EQUATIONS IN TWO UNKNOWNS 

In the problems and equations that you had 'in the last 
chapter, you were given two equations or a problem with 
two conditions from which you could write two equations. 
The system you solved had but one set of solutions. This is 
shown clearly by drawing a graph of each equation. The 
solution of the system is the point where the two lines 
intersect. 



1. Draw a graph of the system 



2ir-hy-5. 



By measuring, observe that point P is described as (2, 1), 
and if you should solve the system by the methods of elimina- 
tion, you would find i; a 2, y » 1. 
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(2, 1) are called the coOrdloates of point P. The solution 
of a system of linear equations, then, is the coordinates of 
the point where the lines intersect. 



Solve the following graphically, and eheck by elimiTtation : 

r x^^ = 5, r.- y = 2, • 

^- l2:r-y=l. {x + 22/ = 8.  

r :*:+ 3/ = l. [x- y = .5, 

"*• [3x-4^=l(}. U + 2y = -l. 

lx-Sy = l, <2x+ t/ = -l, 

U+ y = -3. 1 x-3y = W. 

, f :r-y=2, " r :r + y = l, 

10. Show hy their graphs that 2 x+ i/ = 11 and 5 a; — 2 y 

= 5 intersect at a point whose coordinates are (2, 5), and 
hence form a system whose solution is i = 2, ^ = 5. 

Two equations in two unknowns that have but one solu- 
tion (that is, two equations whose graphs intersect) are 
called a system of consistent linear equations. They are 
called also a system of simultaneous equations, for a set of 
solutions satisfies- both equations at the same time. 
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e. DIOONSISTEHT EQUATIONS: PARALLEL UXES 
The figure in the margin shows the graphs of the two 
equation, i2i-2y = 7. 

Observe that these two lines 
do not intersect but are parallel. 
It is evident that they have no 
point in common. That is, they 
do not intersect, and hence they 
have no common solution. If 
you undertake to solve by elimi- 
nation, both unknowns are elimi- 
nated at once and you get do 
solution. Such a system is called 
an inconsistent system, to distin- 
guish it from the simultaneous equations just studied. 

Plot graphs of the 



\2x-'2.y = %. 

r 2 a; ~ y =a 4. 

3. < ^ • 

[6a:-Sy=2. 

7. Show by their graphs that 5 x — y = 2 and 5 a: — y = 10 
form an inconsistent system, 

8. Show by their gfraphs that 8 a; — y = 6 and a; + 2 y = 4 
form a consistent or simultaneous system of equations. 

9. Find by their graphs whether Sx— y=sO and 
3 ^ = 40 + 15 a; are consistent or inconsistent. 



2x+ y-1, 


Sx + iy = 10. 


a:-Ss-5, 


2i-6j(=l. 


»-5-s. 


2j,=. 10-21. 


« = 2 and 5x — 



CHAPTER XI 

ROOTS AHD RADICALS 
1. THE MEAHI9G OF ROOTS 

YoF have learned the meaning of squaring a nnmber or of 
raising it to any power. Problems arise in mathematics in 
which it is necessary to find the number which squared gave 
a certain number. 

The number which squared gave a certain number is 
called the square root of that number. 

1. What number squared, or multiplied by itself, gives 9? 
16? 25? 49? a»? a^? 

2. Since either (+3)^ or (— 3)* gives +9, how many 
answers are there to the first question ? 

3. What is the square root of 64 ? Of 81 ? Of y« ? Of 
16x^2 Of25^? 

4. The positive square root of a number is indicated by 
the sign (V ) called the radical sign. The negative square 
root is denoted by (- ^^). What is V9 ? What is - V9 ? 

5. Give the value of: vlOO ; - V59; Vlii ; - V25?. 
You have seen that 

Every positive number has two square roots^ which have the 
same absolute value, one positive and one negative. 

The two square roots of a positive number are often 

written with a double sign. Thus, V9 = ± 3, Vl6 = ± 4, 

V25 = ± 5, etc. 
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To solve y^ =s 25 is to find what number squared will give 
25. As you have seen, there are two answers. Either — 6 
or -h 5 when squared gives 26. The solution can be written 
y = — V25 or V25s= — 5 or 5. But this is more commonly 
written y = ± V25 = ± 5. 

Since both negative and positive numbers when squared 
give a positive number, it is seen that a negative number 
has no square root that can be expressed either as a positive 
or negative number. 

Note. — The square root of a negative number is called an imaginary 
number, and is not discussed in this book. 

Grive at sight the square roots of : 

6. 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 144. 

7. a2, hS c^, rf6, ^8, a;io, y^\ z^^. 

8. 49 /, 25 a\ 36 m^, 64 gi^ 81 w^o. 

9. a*6«, aM^ x^y^\ wlhi^^, z^^y^^. 
XO. 4.2?y\ IQrrfin^ ZQmhi^, 49a;«y8. 

2. EQUATIONS SOLVED BT FINDING SQUARE ROOTS 

Many equations arise in which the solution is found by 
finding the square root of a number. Thus, to solve x^ = 9, 

:p=±V9«±8. 

Solve and check: 

1. :c2^25. 5. ar^- 64 = 0. 9. 2a;2 = 8. 

2. arJ=81. 6. a;2- 121 = 0. lo. 7a;2 = 28. 

3. ar»=36. 7. ica-225 = 0. 11. 3a;2 = 75. 

4. ira«16. 8. 2^-100 = 0. 12. 5 2:2 = 405. 

13. The area of a square garden is 144 sq. ft. What is 
the side of the square ? 
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14. The area of a circle when using ^^ as the value of ir 
W£l;8 164 sq. ft. Find the radius. 

15. The area of a rectangular garden twice as long as 
wide is 450 sq. ft. What are its dimensions ? 

3. QUADRATIC SURDS 

The indicated square root of a positive number is called a 
quadratic surd. Thus, V2, V3, V5, Va:, and V2 a are 
quadratic surds. 

You learned in Book II how to find the approximate root 
of such numbers to any required degree of accuracy. Thus, 
you found V6 = 2.236 to the nearest thousandth. 

4. SIMPLIFYING QUADRATIC SURDS 

Large numbers under the radical sign may be simplified 
by removing factors that are perfect squares. This may 
leave a surd that is so simple that its value is known or may 
be found by tables. Thus, 

V405 = VsTx^ = 9 V6 = 9 X 2.236. 

The principle used above is that 

The square root of a product i% the same as the product of 
the square roots of each of its factors. 

Or as a formula, 

-s/abc = Va x V& x Vc 
Thus, 

V2880 = V6 . 6 . 4 . 4 . 5 = V36 .16.5=6.4.V6 = 24x 2.236. 

Simplify the exercises on the following page so as to leave 
no factor that is a perfect square under the radical sign. 
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1. V75. 5. VT25. 9. V^. 13. V8^. 

2. V27. 6. Vi80. 10. Vi^ 14. V32^. 

3. V50. 7. V175. 11. VF. 15. V28y8. 

4. ViO. 8. V300. 12. V?. 16. Vl2a3p. 



9. THE YALUB OF KHOWING TH£ APPROXIMATE ROOT 

OF CERTAIN SURDS 

You saw in the above exercises that by simplifying surds 
iihej reduce to surds of smaller numbers. When the value of 
tihese smaller surds is known, either through memory or from 
t^ables, the wo?k of finding the square root of a number as 
in Book II can be saved. 

Using the follomng tahle^ find the value of the surds given 
below : 

V2 = 1.414 V6 =2.449 

V3 = 1.732 V7 =2.646 

V5=: 2.236 Vld» 3.162 

NoTR. — This table and tlie following exercises are to show the value 
at simplifying surds. A more complete table is given on page 179. 

1. V75. 6. V2i6. 11. V25d. 16. V7500. 



2. V80. 7. V175. 12. V448. 17. V3200. 



3. V90. 8. Vl62. 13. V248. 18. V4800. 



4. V300. 9. V245. 14. V25B. 19. V2800. 



11. 


V250. 


12. 


V448. 


13. 


V243. 


14. 


V256. 



5. V720. 10. V360. 15. V1200. 20. V9600. 
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21, Find the value of V50 + Vl28. 



V60 = 5V2; V128«:8V2. 
Hence V60 + Vl28 = 5 V2 + 8 V2 = 13 V2 = 13 x 1.414. 

22. Find the value of >/48 + V243 - V75. 

23. Find the value of Vl25 + V^45 - V80. 

6. RATIONALIZING THE DENOMINATOR OF A FRACTION' 

As you know, a fraction is squared by squaring its 
numerator and denominator separately. Thus, 

/3\2 3 3 9 XI /»" VT 8 

(-.)=- X - = —-• Hence\/T7r= — ==t* 
V4/ 4 4 16 ^16 V16 4 

/2^V2_1.414_.,.,^j.3 
>'3 " Vi " 17732 ■-^•^^^^^•^^^' 

The division by 1.732 can be saved by making the denomi- 
nator a perfect square before taking the square root. Thus, 
| = f. (Why?) 

Hence -y- = -y- = - = -^ — = .816, which can be done 

mentally. 

1. Using the tables of the last section, find the value 

0fV|. 



SOLUTION 

10 VlO 3.162 



/2^ Jio^vio^ 



= .682. 



"^5 ^25 5 5 

2. In the same way find V^. 

Find the value of: 

3. VJ. 5. VJ. 7. V|. 9. Vf. 

4. V|. 6. V^. 8. VJ. 10. V|. 
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Rationalize the denominators ; 

7. ADDITION AND SUBTRACTION OF STJICDS 

As you have seen in problems 21-28, page 176, the com- 
putation in a problem may be greatly simplified when the 
surds are combined into a single term. Thus, 

V50 + V72-f-V32 = 5V2 + 6V2-f-4V2 = 15V2== 16x1.414. 

That is, we add the 5, 6, and 4 just as if it were 
5a-|-6a + 4a, and need to look up only the value of 2, in- 
stead of the values of V50, V72, and V32. 

« 

Simplify : 

1. V2 + V8. 8. Vl25-Vi5. 

a. V8 + Vi2. 9. V252-V28. 

3. Vi8 + V27. 10. V99 + V44. 

4. V45-V20. 11. Vi8-V8 4-V32. 

5. V32-V8. 12. V75-V3-Vi2. 

6. V50-VT8. 13. V20 + Vi5-V80. 

7. V8+V32. 14. Vi8 + V50-V8. 

IS. V40 + V90-V10. 
16. Simplify: VJ + 3Vf. 

SOLUTION 

Hence >/i + SV} =s Jv^+ \/2 = jV§. 
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17. Simplify: 8V48-Vf-2Vf 

18. Simplify: V|-h4V3-2V|. 

19. Simplify: 2aVa8+3V?. 

20. Simplify : SVf^ -f 2a;V9^ - a/?. 

8. MULTIPLICATION AND DIVISION OF SURDS 

So few problems in elementary mathematics require the 
multiplication and division of surds that but few exercises 
are given. 

You have learned that V86 = V4 x 9 = Vl x V9. Inter- 
changing the members of the equality, 

V5 X V9 = V4xT= y36. 
And in general, Va X V& = Vafc 

Find: 

1. V3 X V5. 5. V2 X V6. 9. V3 X Vli. 

2. V2 X V5. 6. V5 X V15- iQ. V2 x V8. 

3. V6 X VT. 7. V6 X V12. 11. v'B X V27. 

4. V3 X Vn. 8. VlO X V30. 12. V6 X VT25. 

13. Divide V5 by V2. 

SOLUTION 

Expressed as a fraction, this is 

V5 V2 X V5 VlO 3.162 . ™ 

— Z = — = = ~ — TT" ~ — 7^ — — l.Ool, 

V2 \/2 X V2 2 2 

C/lw72^ ^A« tables on page 179 find: 

14. V3-!-V2. 17. V6-I-V3. 20. V3^V7. 

15. V5-I-V3. 18. V2H-V7. 21, V7-*-\/iO. 

16. Vl0-*-V2. 19. V6-hV10. 22. \/6-hV6. 
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TABLE OF SQUARES AND SQUARE ROOTS 





Ntjubmb, 


Squaxb 


S«uAin Boot 


NUMBKB 


Squabb 


Squabb Root 




1 


1 


1.000000 


51 


2601 


7.141428 




2 


4 


1.414213 


52 


2704 


7.211102 




3 


9 


1.732050 


53 


2809 


7.280109 




4 


16 


2.000000 


54 


2916 


7.348469 




5 


25 


2.236068 


55 


3025 


7.416198 




6 


36 


2.449489 


56 


3136 


7.483314 




7 


49 


2.645751 


57 


3249 


7.549834 




8 


64 


2.828427 


58 


3364 


7.615773 




9 


81 


3.000000 


59 


3481 


7.681145 




10 


100 


3.162277 


60 


3600 


7.745966 




11 


121 


3.316624. 


61 


3721 


7.810249 




12 


144 


3.464101 


62 


3844 


7.874007 




13 


169 


3.605551 


63 


3969 


7.937253 




14 


196 


3.741657 


64 


4096 


8,000000 




15 


225 


3.872983 


65 


4225 


8.062257 




16 


256 


4.0Q0000 


66 


4356 


8.124038 




17 


289 


4.123105 


67 


4489 


8;186352 




18 


324 


4.242640 


68 


4624 


8.246211 




19 


361 


4.358898 


69 


4761 


8.306623 




20 


400 


4.472136 


70 


4900 


8.366600 




21 


441 


4.582575 


71 


5041 


8.426149 




22 


484 


4.690415 


72 


5184 


8.485281 




23 


529 


4.795831 


73 


5329 


8.544003 




24 


576 


4.898979 


74 


5476 


8.602325 




25 


625 


5.000000 


75 


5625 


8.660254 




26 


676 


5.099019 


76 


5776 


8.717797 




27 


729 


5.196152 


77 


5929 


8.774964 




28 


784 


5.291502 


78 


6084 


8.831760 




29 


841 


5.385164 


79 


6241 


8.888194 




30 


900 


5.477225 


80 


6400 


8.944271 




31 


961 


5.567764 


81 


6561 


9.000000 




32 


1024 


. 5.656854 


82 


6724 


9.055385 




33 


1089 


5.744562 


83 


6889 


9.110433 




34 


1156 


5.830951 


84 


7056 


9.165151 




35 


1225 


5.916079 


85 


7225 


9.219544 




36 


1296 


6.000000 


86 


7396 


9.273618 




37 


1369 


6.082762 


87 


7569 


9.327379 




38 


1444 


6.164414 


88 


7744 


9.3808^ 




39 


1521 


6.244998 


89 


7921 


9.433981 




40 


1600 


6.324555 


90 


8100 


9.486833 




41 


1681 


6.403124 


91 


8281 


9.539392 




42 


1764 


6.480740 


92 


8464 


9.591663 




43 


1849 


6.557438 


93 


8649 


9.643660 




44 


1936 


6.663249 


94 


8836 


9.695359 




45 


2025 


6.708203 


95 


9025 


9.746794 




46 


2116 


6.782330 


96 


9216 


9.797959 




47 


2209 


6.855654 


97 


9409 


9.848857 




48 


2304 


6.928303 


98 


9604 


9.899494 




49 


2401 


7.000000 


99 


9801 


9.949874 




50 


2500 


7.071067 


100 


10000 


10.000000 
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9. GRAPHS OF QUADRATIC SURDS 

Although the exact value of a quadratic surd caonot be 
computed by arithmetic, by ruler and compasses it may be 
exactly represented by a line. Since all measure is but an 
approximation, this method will, in general, not give as close 
a value as the computed value. 

The method depends upon the P3rtbagorean Theorem 
studied in Book II. That is, 

Th£ square of the hypotenuse of any right triangle is equal to 
the sum of the squares of the other two sides. 



Thus, the figures drawn on squared paper illustrate how to 
show graphically the length of V2, V5, and VlS. 

Not all surds can be represented upon a single triangle as 
in the method shown. 

To represent Vll two triangles must be made. By study- 
ing the following analysis you will see how to make such 
constructions. 

Since a' + 6* = 11, we select some square that makes part 
of 11. There are but three perfect squares less than H. 
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These are I, 4, and 9. Suppose that 
weleta2=9. Thenars. But this 
leaves 6^=2 and 6=V2. Hence we 
must first construct V2 as shown in 
the margin. Then a right triangle 
whose legs are S and V2 will give a 
hypotenuse which is Vll. 

With compasaes and a ruler con- 
struct: 



Note. — Use but 
6. 


ODe triangle i 


n e„rci« 




1. V5. 


4. va 


7. V6. 


10. V88. 


2. VIO. 


5. V26. 


8. V18. 


U. V5l. 


3. V2B. 


6. Vil. 


s. V2T. 


12. V56. 



10. THE SQUARE ROOT OF TRIKOHIALS 

You have learned that (a + 6)^ = a= -|- 2 ai + i^, and that 



(a - t)'' =» a" - 2 <xJ + 6*. Hence Va^ + 2 a6 + 6^ = a + J. 
What is the square root of a^ — 2 aJ + ft' ? 

Observe that to he a perfect square the middle term of the 
trinomial must be twice the product of the square roots of the 
first and third terms. 

Thus, Qn^-Uxy + lQy* 

is a perfect square for 

24 ly = 2 X V9^ x Vl6/ = 24 xy. 
The square root of 

9 a:^ — 24 a^jf + 16 i^ « v'f^ - Vlfi^* = 3 ar - 4 y. 
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Otpe the square root of: 

1. a?+6a: + 9. 19. 9a«-6aft + i«. 

2. a?-4a: + 4. 20. 9i^-24aft + 16 J«. 

3. y» — lOy + 25. 21. a:* + 6a:y + 9^. 

4. y«-18y + 81. 22. n«+16 + 8n. 

5. a?4-12ir+36. 23. 1-4^+4^2 
9. y» + 14y+49. 24. 25f«+10t + l. 

7. z2 + 8z + 16. 25. a? + 6aa: + 9a». 

8. 7i?-16n + 64. -26. 9t;8-6v + l. 

9. a:* + 20a:+100. 27. JIP + 4 itfy + 4 JV^. 

10. fl?-22a + 121. 28. ?^-10r«4-25A 

11. 9a^^-24x+16. 29. 16J5P-24^t-h9A 

12. 16a? + 66aT + 49. 30. 49a:2^4ya_ 28a:y. 

13. 25a«-60aJ4-36 62. 31. 25TF*- 10 F^^i, 

14. 4ic2^36a;y + 81y2. 32. a^-2a^lf^+b\ 

15. 4w2+36i»»+81n2. 33. wi^ -f 18 wia + 81 a^. 

16. 36a^5 + 24a;4-4. 34. J^ - 12 ftc? -h 36 ^. 

17. 25z«-h902 + 81. 35. 9jE>2 + 42j9y + 49y«. 

18. 162^-56xi/-\-i9f. 36. i>*-|-l4-22>2. 

j&i f A^ follovring find the term or terms that give a perfect 
square : 

37. ic2^? + y2. 44, 36+?-12a:. 

38. a2-2a6 + ? 45. a2-? + 100. 

39. ? + 2 7nw + w2. 46. ? + l-f-a:*. 

40. 4^2^?^!. 47, 4P3^1^? 

41. 16-2it + ? 48. ri2_12rir2 + ? 

42. 25t^-?4-9«^. 49. ?-82iVr4-? 

43. F2 + 49 + ? 50. ?-f-42J24.? 



CHAPTER XII 

QUADRATIC EQUATIONS 

1. THE FACTORING METHOD 

Problems arise in mathematics that involve the second 
degree of the unknown. Thus, how can a rectangular plot 
be laid out to contain 180 sq. ft., and be 3 ft. longer than 
it is wide? 

Analysis of the Problem. — Since the dimensions must be known, 
let X = width, then a: H- 3 = the length, and x(x 4- 3) or x* + 3 a: = the 
area. Then the equation is 

a;2 + 3 ar = 180. 

Or a:^ + 3 X - 180 = 0. 

By factoring, we have 

(a:+15)(ar-12)=0. 

If either binomial is equal to zero, the equation is satisfied. For 

X (a: — 12) =0- or (a: + 15) x 0=0. Hence the equation is satisfied 

when 

a:H-15 = 0. (1) 

Or ar - 12 = 0. (2) 

That is, the solution of either of the simple equations (1) or (2) will 
satisfy the equation. 

Solving (1), a; = — 15. 

Solving (2), ar = 12. 

Since a negative length has no meaning, we will take the second 
solution, X = 12. Then a; +3 = 15. Hence the dimensions are 12 and 15. 

Check. — Area = 15 x 12 sq. ft., or 180 sq. ft. 

183 
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The method of solution used here is the -factoring metliod. 
It depends upon the principle that 

If one of the factors of an ejcpression is zero^ the whole ex- 
pression must he zero. 

The steps in the factoring method are : 

1. By adding or subtracting^ get all terms out of the second 
member, thus having the first member equal to zero. 

2. Factor the resulting first member. 

3. Equate each of the fa<Aors to zero, and solve the resulting 
equations. 

Solve bg factoring and check: 
1. 2?-6a? + 8«0. 5. a^^l5x^&k. 

Z. 2^ — Sx = 9. J. a^ — x^6. 

4. a?-9a:=22. 8. 3i»- 11 ar= - 30. 

9. Find two numbers whose difference is 7 and whose 
product is 330. 

SuQOKSTiON. — Let X = one, and x + 7 the other. 

10. Find two consecutive whole numbers whose product 
is 240. 

11. If it takes 184 rods of fence to inclose a rectangular 
field containing 13 acres, what are the dimensions of the 
field? 

12. By increasing his speed 1 mile per hour, a boy finds 
that it takes 6 hours less to ride 36 miles. Find his speed. 

13. A man being asked what he made on a $56 suit re- 
plied, ^* Just as many per cent of the cost as the suit cost 
me in dollars." Find the cost and what he made. 
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14. The area of a triangular sail was to contain 144 sq. 
ft., and the altitude of the triangle was to be twice the 
base. Find the base and altitude. 

15. Two boys were paid equally to mow a rectangular 
lawn 60 ft. by 80 ft. How wide a strip entirely around the 
lawn must the first boy mow in order to mow just half of it ? 

16. The length of a rectangle is 5 ft. longer than its width. 
If it contains 300 sq. ft., what are its dimensions ? 

17. A square box without a lid, and 6 in. deep, is to be 
made from a square piece of tin by cutting a square from 
each corner, bending up the sides, and soldering along the 
edges. If the box is to contain 384 cu. in., find how large a 
piece of tin is needed. 

2. THE FACTORING METHOD NOT SUFFICIENT 

You have seen in the problems given that the expressions 
were often difficult to factor. But there is a greater need 
for another method. Most problems that lead to quad- 
ratic equations are impossible to factor. *Those given were 
so made that factoring was possible. Let us consider the 
following: 

To lay out a rectangular plot 4 rods longer than it is wide, 
which will contain just ^ acre, will require what dimensions? 

SOLUTION 

Let X = width, then a: + 4 = length and a; (a: + 4) = area. Hence we 

have the equation 

x2 + 4 a; = 80. 

Or x^ + ix -80 = 0. 

By trial we are convinced that no combinations of factors will give a 
sum of + 4 and a product of — 80. With the factoring method only, 
the solution is evidently impossible. 
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3. QUADRATICS SOLVED BY COBfPLETING THE SQUARE 

If we can make the left-hand member a perfect square 
without introducing the unknown numbers in the right-hand 
member, we can reduce the equation to an equation of the 
first degree by taking the square root of both sides. 

We know that any trinomial that is a perfect square is of 
the form a^ + 2ab-^P or of a^— 2aJH-52. Thus, in the 
equation given in the last section, a:2-f-4a; = 80, a^-|-4a; can 
be made a perfect square by adding 4. Adding 4 to both 
members we have 

a;2 + 4a;-f-4 = 84. 

Taking the square root of both members and remembering 
that 84 has two square roots, -|- V84 and — V84, we have 

a;-f-2=+V84. (1) 

And a: + 2 = - VSi". (2) 

From (1), a;=-2+V84. 

From (2) . a; = - 2 - V84. 

By methods already taught V84 = 9.166 true to thou- 
sandths. (See tables, page 179.) 

Then a; = - 2 + 9.165 = 7.165. 

Or ir= -2-9.165 = ^ 11.165, 

which has no meaning with reference to length only. 

Taking the first value, x = 7.165, a; + 4 = 11.165, 

Hence the dimensions are approximately 7.165 rd. and 
11.165 rd. 

Proof. — 7.165 x 11.165 = 79.997225. The reason that the product 
is not exactly 80 is that the two factors were only approximate values, 
taken for ^84. The value taken (9.165) was true only to the nearest 
thousandth and was slightly too small. 
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From the formula for a trinomial that is a perfect square, 
a^ + 2 aJ + 1\ when a; = a, the coefficient of a; = 2 6, and the 
tliird term Ifi is the 9guare of half the coefficient of x. 

1. Solve a;* — 8 a? = 12 by completing the square. 

SOLUTION 

Adding the square of } of — 8, or (— 4)^ or 16 to both members, we 

have 

a:» - 8 ar + 16 = 28. 

Taking the square root of both members, 

x - 4 = + V28. (1) 

a; - 4 = - V28. (2) 

Hence x = 4 + V28 

a: = 4 - V28. 

In some problems the surd is not evaluated. When the 
value is needed, the value of V28 is found by the tables on 
page 179, or by other methods that you have had. When 
possible, use the tables. 

The steps in the " completing the square " method : 

1. Reduce the equation to the form 3fl-\-px=q where x is 
the unknoum number. 

2. Add to each member the square of half of the coefficient of 
the term in the first power of the unknown number. 

3. Take the square root of both members^ observing that the 
square root of the second member is both + and — . 

4. Solve the two resulting equations, 
6. Check the solution. 

Solve by completing the square: 

1. a?»-6a; = -8. 3. a;3~9a; = 22. 

2. a:2-8a:=9. 4. a;^ + 14 a; = - 40. 
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5. x^ + x = 6. * 13. 362«17J = 28. 

6. x^ + 5x = U. 14. 2 22+32 = 4. 

7. ic2+ 12a; + 15 = 0. 15. 5m2-w=7. 

8. 2a;2 + a; = 4. 16. 12c2- I4c?+ 3 = 0. 

9. 2ir2-5a;=3. 17. 9a:2=6a: + 26. 

10. 6y2_i3y=_6. 18. 16 a2 - 96 fl = 1792. 

11. 4a2-lla = 3. 19. iV^- 7iV^- 15 = 0. 

12. 10/i2-297i + 10 = 0. 20. iV^-2iV^=24. 

Solve^ finding the value of the roots to thousandths: 

21. x^-Sx = 7. 25. 3a;2-4a;=15. 

22. a:2_i5^^60. 26. 2a;2 + ir=6. 

23. arJ + 8a; = -ll. 27. 2ir2 - 3a; + 4 = 0. 

24. x^-^6x=l. 28. 2a:2_7^^g^o. 

29. In the center of a rectangular room is a rug 9 ft. by 
12 ft. around which is a border of uniform width. If the area 
of the floor is 208 sq. ft., what is the width of the border ? 

30. How wide a strip must a boy mow entirely around a 
rectangular lawn 80 ft. by 120 ft., in order to have it one- 
fourth mowed ? 

31. The hypotenuse of a right triangle is 4 in. longer than 
one leg and 2 in. longer than the other. Find the lengths 
of all three sides of the triangle. 

32. A train running 6 miles per hour slower than usual, 
owing to a storm, was 1 hr. late in making a run of 252 
miles. Find its usual speed. 

33. A party arranged a dinner for which they were to 
pay $45. Five were absent, and as a result each of those 
attending had to pay 30 cents more than if all had attended. 
How many were present ? 
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34. From a board 20 in. square how wide a strip entirely 
around it must be cut off to leave a square but 64 % as large 
as the first square ? 

35. A boy sold his bicycle for $21, losing as many per 
cent of the cost as the bicycle cost him in dollars. Find the 
cost and his loss. 

36. The hypotenuse and longer leg of a right triangle are 
together 18 inches long. The shorter leg is 6 inches long. 
Find the hypotenuse and longer leg. 

37. The area of a rectangle is 192 square inches. The 
length is 4 inches more than the width. Find the length 
and width. 

38. The area of a triangle is 240 square inches. The 
altitude is 4 inches less than the base. Find the altitude 
and base. 

39. One side of a rectangle is 8 inches longer thian the 
other. The diagonal is 40 inches. Find the area. 

40. When the sides of a square are increased 4 inches, the 
area is increased 176 square inches. Find the side of the 
square before it is increased. 

41. A rectangular piece of tin was twice as long as it was 
wide. A 4-inch square was cut from each corner and the 
sides and ends were turned up so as to make a box containing 
1536 cubic inches. Find the dimensions of the piece of tin. 



CHAPTER XIII 

PROPORTION AND VARIATION 

In all mathematics we are dealing with quantitative rela- 
tionships. In whatever way we state it, the solution of any 
problem depends upon seeing the relationship of the thing 
wanted to the thing given. We are commonly dealing with 
quantities in which a change in one causes a change in the 
other. Thus, the distance traveled in a given time depends 
upon the rate of travel. The cost of a quantity of apples 
depends upon the amount bought, etc. In this chapter we 
are going to deal with quantities that change together, and 
to teach the meaning of terms, and methods of stating rela- 
tionships, that you will need in order to understand refer- 
ences constantly met in mathematics, science, and general 
reading. 

1. THE MEANING OF PROPORTION 

In your work in indirect measurement you made use of 
ratio. Thus, in scale drawings you found results from the 
fact that 

The ratio of any two lines in the scale drawings is the same 
as the ratio of the real lengths which they represent. 

And in finding heights and distances by use of similar tri- 
angles you used the fact that 

The ratio of any two sides of a triangle is equal to the ratio 
of the corresponding sides of any similar triangle. 

190 
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To solve the problems, you expressed these equal ratios as 
an equation. Such an equation, expressing the equality of 
trw^o ratios, is called a proportioii. And thus we say that 

The corresponding sides of similar triangles are proportional. 

This is only another way of expressing the fact given 
above. 

Any equation, then, whose members consist of two ratios 
is a proportion. 

a c 
Thus, 7 = - is a proportion. 

d 

This is read " a over b equals c over rf." The four num- 
bers forming the ratios are said to be in proportion. The 
numbers forming one ratio are said to be proportional to the 
numbers forming the other ratio. 

2. DEFUflTIONS USED IN PROPORTION 

» a c 
In the proportion -. = -, a and d are called the extremes, and 

d 

b and e the means. If the two means are equal, as in - = -, 

X 

X is called the mean proportional between a and b. 

By multiplying both members of the proportion - = - by 

6 d 

bd^ we get 

ad=^bc 

This equation stated in words is one of the well-known 
l^ws of proportion, namely, 

In any proportional^ the product of the extremes equals the 
product of the means. 

The mean proportional between two numbers is the square root 
of their product. Why? 



. I 
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Find the value 


of the unknown term 


in each of the following 


proportions: 






, n 15 

^- 2 = 10* 


^ 7 42 
9 t 


„ 36 1 

7. — = -7- 
t; 4 


, ^ 1 

'• 12 = 8- 


5 ^ ^ 
* 10 40 


o 9 12 

8. - — — • 

16 P 


. 4 16 


24 r 
' 35 70 


„ 20 8 



10. A family of three members and a family of four mem- 
bers camp out together. The total cost of provisions is 
$ 112, and they wish to divide the cost in proportion to the 
sizes of the families. How much must each family pay ? 

3. FINDING DISTANCES BT PROPORTION 

You have learned how to find distances by use of the 
principle that 

The ratio of any two sides of a triangle is equal to the ratio 
of the corresponding sides of any similar triangle. 

It can also be shown that if one side of a triangle bears 
any constant relation to a similar triangle, all of its sides 
bear the same relation to the corresponding sides of the simi- 
lar triangle. This is expressed by saying that 

In two similar triangles the corresponding slides are pro- 
portioned. 

P Thus, in the two similar 

C triangles ABO and J)IIF^ 

this principle states that 

AB AC OB 







^  ^ E 



DE BF FE 
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State the following problems by this principle and solve: 

1. In two similar triangles the sides of the larger are 
12 in., 14 in., and 20 in., and the shortest side of the smaller 
is 3 in. Find the other sides of the smaller triangle. 

2. The sides of a triangular field are 16 rd., 24 rd., and 
30 rd. The smallest side of a similar field is 40 rd. Find 
the other two sides. 

3. A tree casts a shadow 48 ft. 
long when a vertical rod 6 ft. high ^ 
casts a shadow 4 ft. long. How /\ / 
high is the tree? / I _ / 

4. A Church spire casts a Shadow ^^*^- '^^ 
23 ft. long when a man 5 ft. 10 in. tall, who is passing by, 
casts a shadow 2 ft. long. Find the height of the spire. 

5. The distance from -4. to JB on opposite sides of a lake 
may be found as follows : 

^^m^^ T'^® distances from J. to iZ and from 

A^^l^^^^^^ B \x> T are measured off, making the 

^^^^^""""^ triangles ASB and TSR similar. If 

^,^..^^''''^s^ AS is taken 400 yd., and SR 300 yd., 

"** and TR is measured and found to be 

580 yd., how far is it from A\^ B'l 

6. A and B are two points on opposite sides of a hill. 
Out in the plain at the foot of the hill distances are meas- 
ured off as in problem 6, so that AS is taken 4050 ft. and 
SR 1350 ft., and TR is found to be 1600 ft. How far is it 
between A and J?? 

7. To find the distance AB across a stream, measure off 
a distance AO several yards long, along the bank. Then 
at C measure off a distance CD at right angles to AG. 
By sighting across from 2> to -B, locate a stake at a point 



.2^ 
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E ot AC in liiw vidi D and B. Get the 
la^:ths of A£ and £C. Since the triangles 
are similar, write the pn^iortitm by means of 
vliich AB may be computed. 

If XP is 80 yd, £C 20 yd, and DC 15 yd, 
vbat is the width of tbe stream? 

a. It is known in geometry that a line 
parallel to one side of a triangle dirides the other two sides 
into fonr proportional parts. That is, if 

DS is paraUel to AB, ^=^ 

(1) If AJ>=6 in., I>C=13 in., and 
B£=i in., find £C. 

(2) If AI>=10 in, B£=l-2 in, and £C=20 in., find DC. 

(3) If DC= 9 in., B£ = l in., and £C= 5 in, find AD. 
9. In tbe figure of problem 8, if AD = 8 in., DC~ 5 in., 

and BC= 26 in., find B£ and £C. 

ScGGESTiov. — Let BE = z. Th«n EC = 28 - & 

la In the figure of problem 8, if AC=iO ft., Si:=12 
ft., and £0= 15 ft., find AD and DC. 

11. It is known in geometry that in any triangle ABO 

if th.e line CD divides the angle at C into two equal parts 

it divides the opposite side into parte pro- 

jk portional to the other two sides ; that is, 

. /l X M-lf- " ^"'^ "■• -B*^ -»'"•• 

» ^° and AS= 12 in., find AD and DB. 
U. In the figure of problem 11, it AC= 40 yd., BC=Z2 
yd., and ^5 = 60 yd., find AD and 7>fi. 
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13. In the triangle ABC^ the angle at (7 is a right 
angle, and CD is a perpendicular to AB. It is known in 
geometry that CD is a mean propor- 
tional between AD and DB. That 
AD CD 



-•.^d\ 




^^ ^^ If ^2> = 20 in. and i>J5 = 

CD DB ^  . g 

in., find CZ>. ^ 

14. A method used several hundred years ago in finding 
the distance from A to the inaccessible point B was to erect 

a vertical staff AC^ place upon it an instru- 
ment resembling a carpenter's square, point- 
ing one blade toward B^ and noting the 
place D on the ground to which the other 
blade pointed. -4.(7 and DA were measured. 
If AC== 52 in., and DA^Q in., find AB. 

SuooESTiON. — This is only an application of the fact stated in prob- 
lem 13. Why? 

15. In the semicircle with the diameter AB, CD, a per- 
pendicular to AB, is a mean proportional between AD and 
DB. 

If AD=12 in., and 2)^=3 in., find CD. 
If ^2) =8 in., and (7i>=6 in., find DB. 
If AB^2Q in., and C2)=8 in., find AD 
and 1)5. 

4. DIRECT VARIATION OR DIRECT PROPORTIONALITY 

Any quantity that is constantly changing, as one's age, 
the population of the country, etc., is called a variable quan- 
tity, or a variable. Any quantity that does not change is 
called a constant quantity or a constant. Many of the quan- 
tities encountered in every walk of life are variables. 
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Some variable quantities are so related that the value of 
one depends upon the value of the other. Thus, the dis- 
tance d that one can drive in h hours at the rate of 20 miles 
per hour is found by the equation c? = 20 A. That is, d 
varies with A ; as A increases d increases. 

The simplest case of related variables is that in which the 
ratio of the two variables is constant. 

Thus, in the above example, when A = 1, d = 20; when 
A = 2, d = 40 ; when A = 3, d = 60 ; etc. That is, the ratio 
of the number of hours to the number of miles in the cor- 
responding distance traveled is always j^^, a constant. 

Expressed as a formula when x and y are variables^ and K 
a constant, this case of variation is represented by the equa- 
tion or formula 

y 

In this case x is said to " vary directly " as y. The above 
equation, by multiplying both members by y, becomes 

It is evident from the equation for direct variation that 

The ratios of any two corresponding/ valines of the variables are 
equals or form a proportion. 

For, they are each equal to the same constant. 

Thus, we say of variables that vary directly that they are 
directly proportional. 

Thus, when oranges are 60 fl per dozen, the total cost ((7) 
is "directly proportional" to the number of dozen (i?) 

Q 

bought. You know from experience that -- = 60^ the 
formula given above for a direct variation. 
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1. If a train runs 35 miles an hour, write the equation 
expressing the relation between the variable time t and the 
distance d. 

2. If the price of coffee is 42^ a pound, the cost of any 
quantity varies as the number of pounds bought, li c= cost 
and w = weight in pounds, express the relation between them 
by an equation. 

3. If the price of sugar is 13^ a pound, express by an 
equation the relation between the number of pounds bought 
and the cost. 

4. If the rate of interest is 6 %, the amount of interest on 
any sum of money varies as the time. Express by an 
equation the relation between the interest and the time. 

5. The velocity of a body let fall toward the ground varies 
as the time during which it has fallen from rest, and the 
velocity at the end of 3 sec. is 96 ft. per second. As the 
time increases, the velocity increases at the same rate. 
Write the equation between the velocity and time. 

6. The force with which a moving body of any given 
velocity strikes a stationary body varies as the mass or weight 
of the moving body. If I strike a nail with a force of 15 lb. 
by using a hammer weighing ^ lb., with what force would 
a 2 lb. hammer strike it when swinging with the same speed? 

7. If X varies directly as y, and a; = 2 when y = 9, find x 
when y = 36. Write the equation between x and y. 

8. If P varies directly as Fi and P^l when V^ 5, write 
the equation between P and V. Find F when P = 35. 

9. If an engine driving a 12-inch pulley gives it 120 
revolutions per minute, how many revolutions per minute 
would it cause a 20-inch pulley to make when running at the 
same speed ? 
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S. A GRAPH OF DIRECT VARIATION 

You saw that the equation for direct variation was x = Ky 
where K was some constant and might be S, 4, 20, or any 
definite number. You will notice that this is merely a sim- 
ple equation of two unknowns, such as you studied in 
chapter X, You found in that chapter that the graph of 
such equations is always a straight line. The " price curves " 
studied in Book II are also simple examples of graphs of 
direct variation. 

When apples are selling at 80^ per dozen, the relation of 
the cost to the number of dozen bought is 
0= 30 d. 

When d = l, C=30; when d = 5, C= 150. Plotting 
these points and drawing a straight line through them we 
have the following graph ; 



1. Read from the price curve given above the cost of 3 
dozen. Of 6 dozen. 

2. When eggs sell for 60^ per dozen, draw the price curve. 
From the curve, find the cost of 5 dozen. 0£ 10 dozen. 

3. When sugar sells at 12 (* per pound, draw the price 
curve. From the curve, find the cost of 4 pounds. Of 6 
pounds. 
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4. The circumference of a circle is found by the equation 
C^ird where 7r = -^ approximately. This is an equation 
of direct variation. That is, " varies directly as rf," or 
" (7 and d are directly proportional." Draw a graph of the 
equation. Find from the graph the value of O when d = 5. 

5. Write the equation for the area of any triangle whose 
base is the constant 10, and whose altitude is the variable 
h. Draw a graph of variation. 

6. nrVERSE VARIATION OR INVERSE PROPORTIONALITY 

In our study of variation we have had only the case in 
which an increase in one variable caused a corresponding 
increase in the other. Some variables are so related that an 
increase in one causes a corresponding decrease in the other. 
Thus, to drive 90 miles at the rate of 15 miles per hour 
would require 6 hours. But to increase my speed to 30 
miles per hour would decrease the time required to 3 hours. 
That is, the time is said to vary inversely as the rate of 
traveling, or the time required is inversely proportional to 
the rate of travel. 

In the above example, when r = 15, * = 6 ; and when 
r = 30, ^ = 3. That is, their products equalled 90 in each 
case. And in general, 

WTien two variables vary inversely, their product is a constant 
quantity. 

This is expressed by the equation or formula 

where x and y are variables and K a constant. 
In the inverse proportion 

xy = K, 
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for an J corresponding valae of x and jr as j^ and y^, x^ and 
y^ etc., we have z^y<^ = IT and 2^, = K, 

Hence i:,^! = x^^ 

TIiii» is only another way of expressing the iaj^t that the 
prodoct is constant for any Talnes of the Tariables. 

Dividing both memVjers by Xjjy^ we hare 

That IS, 

Tf ofie variahle is inversely proportional to another ^ the ratio 
of any two corresponding values of one is equal to the inverted 
ratio of any otlter two corresponding values of the other. 

7. PROBLEMS OF THE LEYER 

In erery simple machine there are two forces involved: 
the resistance, or force to be overcome, and the eflfort, or the 
force necessary to overcome this resistance. The lever is 
a common example. The lever is a stiff bar of wood or 
metal that is movable about a fixed point or pivot called the 
A jp j^ ' ftilcnun. 

I M. j Thus, AB is a lever turning 

■^^ about the pivot or fulcrum at F. 

AF is called the weight's arm, and FB the effort's arm. 

It is a well-known law of the lever that 

Weight times weights arm equals effort times efforfs arm. 

Using the notation in the 

margin, this is expressed by the 1 ^ — ^ 

formula ^ ^2 

^ih = ^' 
Dividing both members by l^w^ the equation becomes 

— ^ = T 1 ^^ inverse ratio. 
"^2 h 
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Hence the law of the lever is of t^n expressed as follows : 

In any lever^ the resistance and effort are inversely propor- 
tional to their distances from the fulcrum, 

1. With a '* jack," shown in the figure, a man wishes to 
raise 1200 pounds. How much effort will be required on 
the long end of the lever ? 



SOLUTION 



By the law as first expressed, we 
have the equation 

36 X = 6 X 1200. 
Solving, X = 200. 
By the second law, the equation is 



^ 



A 



X 



Solving, 



X = 



1200 
1 200 X 6 
36 



36 



= 200. 



Tell which law you prefer to use, and why. 

2. What effort is required to raise 800 lb. if the weight 
(800 lb.) is 5 in. from the fulcrum and the effort is 40 in. 
from it ? 

3. What effort is required to raise a stone weighing 600 
lb. with a 60-in. crowbar if the fulcrum is placed 6 in. from 
the stone ? 

4. The figure shows a pair of 
heavy shears used in cutting sheet 
metal or wire. When the wire is 
2 in. from the fulcrum (the point 
where the two parts are joined) and the hand is 8 in. from 
the fulcrum, what is the cutting force of a squeeze of 15 lb. ? 

5. Will the wire be more easily cut if moved toward the 
tip of the blade or toward the fulcrum ? Why ? 
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6. For cutting heavy wire would you choose shears \vith 
long or short arms, or handles grasped by the hand ? 

7. This figure shows a 

pair of steelyards, used in 

weighing. Suppose that the 

article to be weighed is 3 in. 

from the fulcrum and the 

weight a which weighs 1 lb. 

is moved to a point 24 in. 

from the fulcrum before it 

balances the weight of the 

package. How much does the package weigh? 

8. If two boys carry a weight of 150 lb. suspended be- 
tween them on a 9-f t. pole, find how much each boy is carry- 
ing when the weight is 6 ft. from one and 3 ft. from the other. 

8. PROBLEMS OF THE WHEEL AND AXLE 

The wheel and axle consists of a wheel fastened rigidly to 
a cylinder called the axle so that both turn about the same 
axis. The effort is applied to the rim of the wheel and the 
weighty or resistance, is applied to the rim of the axle. It 
gives the same advantage in lifting heavy weights as the 
lever does. The law of the wheel and axle is, 

The effort times the distance through which it moves eqaah 
the weight times the distance through which it Tnoves. 

Suppose that the wheel and axle is turned through w 
revolutions, the effort W moves ti x 2 7rr' and the weight )F 
through w X 2 7rr. Then we have 

2 Wnnr = 2 TF Wtt. 

Dividing by 2 ttw, 

Wr= Wr'. 



PROPORTION AND VARIATION 



203 




What force is 



Or, dividing this equation by TTV, 

—^ = — , an inverse proportion. ^ 

Stated in words this law is, 

The resistance and effort are inversely pro- 
portional to the radii of the axle and the wheels 
respectively. 

1. The crank to a windlass of a well is 
18 in. long, and the cylinder upon which the 
rope is wound has a radius of 3 inches, 
necessary to lift 48 pounds? 

2. A capstan, a form of wheel and axle 
used in lifting anchors on ships, has an axle 
10 in. in diameter and a lever arm or spoke 
(the radius) 45 in. long. How much effort 
is required to lift an anchor weighing a ton? 

3. A horse walking in a circle 15 ft. in diameter moves a 
house by means of a capstan 18 in. in diameter. The horse 
exerts a pull of 1200 lb. What is the resistance of the house ? 

4. Two men working at a capstan walk in a circle 8 ft. 
in diameter, and each exerts a force of 60 lb. The diameter 
of the axle is 9 inches. What pull is exerted along the 
rope? 

9. PROBLEMS OF THE INCLINED PLANE 

The inclined plane is a smooth sloping surface that is used 
in raising a heavy object through the application of a com- 
paratively small effort. If the effort is applied parallel to the 
surface of the plane the law of the inclined plane is, 

The weight times the height of the plane equals the effort times 
the length of the plane. 
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Letting TF' = the effort, W= the weight, k = the height, 

and I = the length of the plane, 

^^' Wh= Wl. 

Dividing both members by k W, 

W I . 

— —I inverse proportion. 



W A' 
State the law expressed by this formula. 

1. If the length of an inclined plane is 12 ft., the height 
3 ft., and the weight of the object lifted 400 lb., what efEort 
is required to move it up the plane ? 

2. A barrel of material weighing 180 lb. ia loaded into a 
wagon bed 32 in. from the ground by rolling it up a board 
10 ft. long with one end rest- 
ing on the ground and the 

other on the wagon bed. What 
effort is required ? 

3. Two men place a 580 lb. 
building stone upon a wagon 
by sliding it up a board 8 ft. 

long, one end of the board being on the ground and the 
other resting on the bed of the wagon. The wagon bed is 
20 in. from the ground. What effort do they use in loading 
the stone in addition to that required to overcome the friction ? 

4. Ice is stored in an ice house by dragging it up an 
inclined plane. The incline is 200 ft. long and 40 ft. high. 
What effort ia required to puU up a block of ice weighing 
250 1b.? 

5. A locomotive pulls a train weighing 720 tons up a 
grade with a rise of 2| ft. to 100 ft. of grade. How 
much more pull must the locomotive exert than if the train 
were on a level road bed ? 



CHAPTER XIV 

» 

RELATIONSHIPS EXPRESSED BY FRACTIONS 

AND PER CENT 

1. EXPRESSIONS OF RELATIONSHIP 

You have seen throughout mathematics that to give mean- 
ing to the quantitative phases of life, relationships are 
needed. That is, one magnitude must be compared with 
another. 

Two numbers are compared either by subtraction or by 
division; that is, their relationship is expressed either as a 
difference or as a ratio. Thus, if it is 40 miles to one city 
and 60 miles to another, we may think of one as being 10 
miles nearer than the other, or as but \ as far away. Or if 
the population of Los Angeles increased from 319,198 in 
1910 to 575,480 in 1920, we can say that it increased 266,282 
or about ^, or to be more exact, 80.3 %. 

As you have already learned, relationships are shown to 
the eye by means of graphs. But when looking at a bar 
graph, for example, you see either the difference between the 
lengths of the bars or the ratio of one bar to the other. Also, 
when using formulas or equations to express relationships, 
both differences and ratios are involved. In most of our 
mathematical thinking, we are more concerned with the 
ratio relation, expressed either as a fraction^ a decimal^ or 
a per cent. This chapter is devoted to the ratio relation- 
ships. 

205 
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2. RELATIONS EXPRESSED BT FRACTIONS 

In your early work in fractions you thought of a fraction 
merely as one or more of the parts into which some whole had 
been divided. Thus, the fraction |^ indicated that some whole 
had been divided into 8 equal parts and that 6 of these parts 
made up the fraction of the whole that was considered. 
Later you used a fraction in division to express the quotient 
in inexact divisions. Thus, you expressed the quotient of 
13 -5- 5 as 2|. That is, you used a fraction to express division. 
You also used a fraction to express the relation of one nmgrd- 
tvde to another. Thus, if one pair of shoes cost $ 7 and an- 
other $12, you expressed the relation by saying that the 
cheaper pair cost but ^ as much as the other. 

Thus we see that 

In comparing one number with another^ the number compared 
is measured by the other^ taken as the unit of measure, ffence 
the number compared becomes the dividend (or numerator)^ aid 
the measure becomes the divisor Qor denominator^. 

1. If you are going on a 24-mile bicycle trip and have 
gone 18 miles, compare the distance yet to go with the dis- 
tance gone. With the entire distance. 

2. If suits that sold at $ 20 iBve years ago are now sell- 
ing for $ 36, compare the price five years ago with the pres- 
ent price. Compare the increase in price with the price five 
years, ago. 

3. If 16 qt. of strawberries make 10 qt. of canned ber- 
ries, compare the amount of canned berries with the raw. 
Compare the loss in canning with the amount of raw fruit. 

4. When a 12-lb. ham weighs but 9 lb. when boiled, it 
has lost what part of its weight ? 
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5. When shoes that sold for $ 9 are now selling for $ 15, 
the price has increased what part of the original price ? 

6. If you bought 6 lb. of candy for a party and used but 
3 J lb. of it, what part of it did you use ? 

7. If a man buys 9 bu. of potatoes for the winter and 
uses all but 1 J bu. of them, he uses what part of what he 
bought ? 

8. Helen bought 6 j yd. of goods for a dress and had ^ 
of a yard left. She used what part of what she bought ? 

9. Compare the area of a garden plot 80 ft. by 120 ft. 
with one 90 ft. by 150 ft. 

Suggestion^ — In all such problems it is better to express the relation 

before performing the multipHcation, for like factors may be canceled 

80 X 120 
and thns work be saved. The relation wanted in this problem = 

8x4 32 »^^1^ 



3 X 15 45 

10. John has the care of a lawn 60 ft. by 80 ft., and Frank 
has the care of one 80 ft. by 120 ft. Compare John's lawn 
with Frank's. Compare Frank's with John's. 

11. Compare the capacity of a box 10 in. by 16 in. by 
24 in. with one 12 in. by 20 in. by 32 in. 

12. Compare the capacity of a box 15 in. by 20 in. by 
30 in. with one 25 in. square and 15 in. deep. 

13. Compare the area of a circle whose radius is 10 in. 
with one whose radius is 20 in. 

14. Compare the area of a circle having a diameter of 
20 in. with that of one having a diameter of but 5 in. 

15. Compare the size of a cake 8 in. in diameter and 3 in. 
high with one 12 in. in diameter and 4 in. high. 
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16. Compare the size of a table glass 2 in. in diameter and 
4 in. deep (inside measure) with one 3 in. in diameter and 
6 in. deep. 

17. Compare the size of an orange 8 in. in diameter with 
one 4^ in. in diameter, considering them both spherical. 

3. nrXERPRETING FRACTIONAL RELATIONSHIPS 

When a relationship is expressed as a fraction, one should 
be able to interpret its meaning. The following problems 
give practice in interpreting such relationships. 

1. If you pay 60 ^ for a remnant of cloth containing | 
of a yard, what is that per yard ? 

Suggestion. — There are a number of ways of analyzing this prob- 
lem : (a) Comparing a whole yard with | yd., the relation is }, hence 
a yard will cost | x 60^, or 80^. (b) Or, a yard will cost J more than 
} yd., hence 60f -{■ 20^, or 80^. And (c) one can reason that if J of a 
yard costs 60^, J of a yard will cost J of 60^, or 20^, and that 1 yd. will 
cost 4 X 20^, or 80^. (d) Using the algebraic equation to state the 
known relations, let x = the cost of 1 yard, then }«= 60^. Solving 
the equation, Sx = 240^, x = SOf. And thus it is seen that there are 
many ways of solving even a simple problem like the one given. 

2. If I of a yard of cloth costs 80 ^, how much will 3| 
yards cost ? Solve by several methods. 

3. I filled my coal bin ^ full at a cost of $ 145. At the 
end of the season it is still J full. What did the remaining 
coal cost me ? 

4. After dishing out 24 dishes of ice cream from a can | 
full, it was still f full. How many more dishes of ice cream 
in the can ? Solve without a pencil. 

5. After serving 6 people, f of a cake is left. How many 
more can be served ? (Do not use a pencQ.) 



RELATIONSHIPS BY FRACTIONS AND PER CENT 209 

6. Mrs. Brown found that huckleberries lost | in canning. 
How many quarts of canned berries can she get from 16 
quarts of raw berries ? 

7. How many quarts of berries will Mrs. Brown (problem 
6) have to buy in order to get 26 quarts of canned berries ? 

8. A certain kind of small fish lost ^ in dressing. How 
many pounds of undressed fish will it take to dressy 9 pounds ? 

9. Mr. Jones said : " I used to get J more mileage per 
gallon of gasoline than I now get." If he is now getting 16 
miles per gallon, what did he formerly get ? 

10. A man said : " Our living expenses are J more than 
they were two years ago." If they now average $36 per 
week, what were they two years ago ? 

11. When the winter was but half gone a man had used | 
of his fall purchase of coal. At this rate, he will have to 
buy what part of the amount bought in the fall ? 

12. It took a man 9 days to harvest f of his hay crop. 
At this rate, how long will it take him to finish ? 

13. When an article increases in cost from 9jf to 15^, 
the increase is what part of the former cost? What 
formerly cost f 15 will cost how much now ? 

14. What now costs $ 25 would formerly cost how much, 
using the rate of increase of problem 13 ? 

15. The " Fair Price Committee " allowed a merchant to 
make J of the cost on shoes. How much did it allow him 
to make on a pair of shoes that sold for $ 12 ? 

16. Suits marked " Special * 24 " were selling at " J off " 
from a former price. What was the former price ? 

17. If a merchant is allowed to make only J of the selling 
price of an article, for how much will he have to sell an arti- 
cle costing him $ 6 ? 
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18. If a manufacturer finds that the total cost to produce 
an article is $ 12, for how much must he list it to give him 
a profit of \ of the list price ? 

19. If goods are sold at " J off," and still give a profit of 
\ of the cost, they were marked to gain what part of the 
cost? 

20. By celling suits at " ^ off " a dealer still made ^ of 
the selling price. They were marked to make a profit of 
what part of the selling price ? What part of the cost ? 

21. A profit of ^ of the selling price is a profit of what 
part of the cost ? 

22. A profit of I of the cost is a profit of what part of the 
selling price ? 

23. If an agent makes a gross profit of f of the cost of the 
goods, and his expenses are ^ of his sales, his net profit is 
what part of the sales ? 

24. A boy said : " If I sell you this bicycle for $ 32, Til 
lose ^ of what it cost me." What must it have cost him ? 

25. In a certain school ^ of the total enrollment were 
girls. If that is true in a room containing 18 boys, what is 
the enrollment of that room ? 

26. An ice-cream can that was J full was but J full after 
36 dishes had been taken out. At this rate, how many 
more dishes in the can? How many dishes will it hold 
when full ? 

27. A merchant received an invoice of goods, costing 
$ 1260, which he marked | above cost, but had to sell at '4 
off." How much did he make ? 

28. If a manufacturer lists his goods f above cost but 
gives a trade discount of J of the list price, he makes what 
part of the cost ? 
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29. An article costs $ 90 to manufacture. At what price 
must it be listed to give a profit of J of the selling price 
after allowing a discount of ^ of the list price ? 

30. If an automobile runs | of a mile in ^ of a minute, 
what is the rate per hour ? 

31. A news item says that the population of a certain 
city increased J from 1910 to 1920. If you knew the popu- 
lation in 1910, how could you find the population of 1920 ? 
If you knew the population of 1920, how could you find the 
population of 1910 ? 

32. Knowing that a certain kind of fruit, loses ^ in pre- 
serving, how can a woman know how much preserved fruit 
to expect from a given amount of raw fruit? Knowing 
how much preserves she wants to make, how can she find 
how much raw fruit to buy? Illustrate your answer by 
taking a definite amount of fruit both raw and preserved. 

33. If a boy buys papers at the rate of 4 for 5 ^ and sells 
them at 2^ each, he makes how much per 100 papers? 

34. If a farmer gathers 330 bushels of potatoes from a field 
containing 2| acres, how many bushels can he expect from a 
field of 5J acres that are ''just as good" ? Solve by comparing 
one field with the other, instej^d of finding the yield per acre. 

35. If 13J acres of corn produce 630J bu., what should 
be expected from 64 acres that are " just as good " ? Solve 
in two ways. 

4. APPROXIMATE RELATIONS OF LARGE NUMBERS 

To interpret more fully the meaning of many of the large 
numbers we meet daily in our general reading an approxi- 
mate fractional relation is sufficient. While the relation of 
8,000,000 to 8,000,000 is exactly f, the relation of 2,S95,378 
to 7,953,685 is approodmately |, for the first number is nearly 
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3,000,000 and the second is nearly 8,000,000. These rela- 
tions are sometimes more easily seen by writing them in 
fractional form. Thus, to compare 673,840 with 886,376 
we may write it f|^f|4^' ^Y drawing a vertical line be- 
tween any two pairs of digits, thus, f|f||f-^, fllelM' ^^ 
illlM^ we see that the relation is approximately f^|, f |, or 
that it lies between | and | or |. That is, the first number 
is nearly | of the second. We are usually concerned with 
fractions that are made up of one-figured numbers, or two- 
figured numbers at most. 

1. Give the approximate relation of 6,324,600 to 
9,687,900 in two-figured numbers. In one-figured numbers. 

2. When J is given as the approximate relation of the 
numbers given in problem 1, is the relation too large, or too 
small? Why? 

3. In 1920 there was a total expenditure of 11,026,894,700 
for good roads, while in 1918 but $610,327,600 was spent. 
Compare in approximate fractions the increase in 1920 over 
1918. 

Suggestion. — Find the increase and compare it with the expendi- 
tures of 1918. 

4. The popul^,tion of Chicago increased from 2,186,283 
in 1910 to 2,701,212 in 1920, or a total increase of 616,929. 
This was an increase of approximately what part of the popu- 
lation of 1910 ? 

5. If you expressed the relation in problem 4 as |, is it 
nearly \j or more than ^? 

6. The population of Cleveland increased 236,173 from 
1910 to 1920. The population in 1910 was 660,663. This 
was an 'increase of abovt what fractional part of the popula- 
tion of 1910? 
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7. If you gave f as the relation in problem 6, was that 
too large or too sjnall? Explain why. 

8. The population of Buffalo increased from 423,716 in 
1910 to 505,875 in 1920. Give the approximate fractional 
increase and explain whether your answer is too large or 
too small. 

9. During the fiscal year ending June 30, 1918, we im- 
ported 1,052,000,000 pounds of coffee. During the year 
ending June 30, 1920, we imported 1,500,000,000. This 
was an increase of about what fractional part of the 1918 
importation ? 

10. During the year 1920 we spent approximately the 
following sums for things classed as luxuries : 

Candy . ^1,000,000,000 

Cigarettes 800,000,000 

Soft drinks . .' . . . . 350,000,000 

Chewing gum 50,000,000 

Total 12,200,000,000 

Give the approximate relation of each to the total. 

11. It is estimated that there are about 85,000,000 tons 
of steel, used in the United States yearly. Of this tonnage 
about 8,500,000 tons are used by the railroads and about 
2,500,000 tons are used in the automobile industry. About 
what part of our total consumption is used in each of these 
two industries? 

12. Before the War, Belgium operated 330,000 flax 
spindles. In 1920 she had but 103,000 in actual operation. 
This was about what part of her pre-war record ? Explain 
whether your approximation is too large or too small. 

13. In a recent year the world's entire production of 
cotton was 14,126,500 bales, of which all but 2,934,700 bales 
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was produced in our Southern states. We furnished about 
what fractional part of the world^s supply? 

14. The National Safety Council reported that in 1907 
one person was killed for every 3,086,319 passengers carried 
on street cars, and that in 1917 but one person was killed 
for every 4,393,582 passengers. Does this show that acci- 
dent hazard is increasing or decreasing ? 

5. RELATIONS EXPRESSED IN DEaiCALS 

As you have seen, the exact relation of large numbers is 
meaningless when expressed as a fraction and to give mean- 
ing to it, it must be considered in terms of an approximate 
fraction. This is sufficient only where rough estimates are 
needed, as in interpreting numbers we meet in general read- 
ing. Where more exact relations are needed, they are ex- 
pressed in decimals or per cents. .Thus, to compare the 
standing of the baseball teams in the American League : Up 
to July 24, 1920, Cleveland had played 90 games and won 
59 of them, while New York had played 94 games and won 
61 of them. As fractions, Cleveland's standing was ^ 
while New York's was ^. From these fractions, it is diffi- 
cult to compare them, but as decimals, Cleveland's standing 
was .656 and New York's was .649, from which it is evident 
that Cleveland was .007 ahead of New York. 

1. On July 24, 1920, Chicago's baseball team's record 
for the season was 90 played and 55 won. Find her decimal 
standing. 

2. Get the baseball statistics from a daily paper at the 
time you are studying this and work out the standings. 

Note. — The " Sporting Page " usually labels such standing as " Pet." 
(per cent) but they are not accurately written as either per cents or 
decimals. Thus, " Pet. 611 " is either .611 or 61.1 % . 
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3. There are 231 cubic inches in a gallon. Compare a 
gallon with a cubic foot (1728 cu. in.). A cubic foot with 
a gallon. 

4. There are 2150.42 cubic inches in a standard bushel. 
Compare a bushel with a cubic foot. A cubic foot with a 
bushel. 

5. Using the result of problem 3, find the capacity in 
gallons of a tank containing 3460 cubic feet. Which of the 
two relations found will you use ? Why ? Explain how 
you could use either. 

6. Using the result of problem 4, find the capacity in 
bushels of a bin containing 4360 cu. ft. Explain how to use 
either result found in problem 4. Which result is more 
easily used ? 

7. You found in problem 3 that a cubic foot contains 
7.4805 gallons if the division is carried to the fourth decimal. 
This result is approximately what simple " mixed number " 
expressed in common fractions ? 

8. We rank first in the production of cotton, producing 
11,191,820 bales in a recent year, while British India ranked 
second, producing 2,949,600 bales. Compare India's crop 
with ours, carrying the computation to the third decimal. 

9. Of the 30,091,600 men engaged in all occupations in 
a recent year, 734,000 were coal miners. The miners were 
what decimal part of the whcile to the nearest thousandth ? 

10. Of the total railroad mileage of the world in 1917, the 
United States had 364,248 miles of the total of 687,123. 
Give our approximate fractional part of the whole. Give 
our decimal part to the nearest thousandth. 
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6. RELATIONS EXPRESSED AS PER CEIIT 

Ratio relations may be expressed in either of three ways, 
fractions^ decimals^ or per cent. As you have seen, the 
fractional way is not convenient or meaningful except when 
the terms of the fractions are small ; and the decimal way, 
while accurate, involves reading decimals expressed in 
thousandths or even ten thousandths. Hence the per cent 
method is much more common. Per cent, as you know, 
merely means hundredths; so .35 is written "35%" or 
" 35 per cent" ; .358 is written " 35.8 % " and read " 35 and 
.8 per cent." Likewise .3584 = 35.84 %. 

In general reading in newspapers and magazines you will 
observe that the per cent relation is about the only one that 
is used. 

1. The table given below is taken from The Literary Digest 
of July 3, 1920. Check any result that your teacher may select. 

POPULATION AND GROWTH OF OUR 18 LARGEST CITIES 





Population 




Inckease 




CiTT 
















1920 


1910 


1900 


1910-1920 


1900-1910 










Number 


Per Cent 


Number 


Per Cent 


New York City . . 


5,621.151 


4,766.883 


3.437.202 


854.268 


17.9 


1,329.681 


38.7 


Chicago . . . 




2,701,212 


2,185,283 


1.698,575 


515.929 


23.6 


486,708 


28.7 


Philadelphia . 






1.823,158 


1,649,008 


1.293,697 


274,150 


17.7 


266.311 


19.7 


Detroit . . , 






993,739 


465,766 


285,704 


527,973 


113.4 


180.062 


63.0 


Cleveland . , 






796,836 


660.663 


381,768 


236,173 


42.1 


178.895 


46.9 


St. Louis . , 






773,000 


687,029 


575,238 


85,971 


12.5 


111,791 


19.4 


Boston . . , 






747,923 


670,685 


660,892 


77,338 


11.5 


109,693 


19.6 


Baltimore . . 






733,826 


558,485 


508,957 


175,341 


34.4 


49,528 


9.7 


Pittsburg . , 






688,193 


633.906 


46t,512 


64,288 


10.2 


82,393 


18.2 


Los Angeles 






575,480 


319,198 


102,479 


256,282 


80.3 


216.719 


211.5 


San Francisco 






508,410 


416.912 


342,782 


91.498 


21.9 


74.130 


21.6 


Buffalo . , 






505,875 


423,715 


352,387 


82.160 


19.4 


71.328 


20.2 


Milwaukee 






467,147 


373.857 


286,316 


83.290 


22.3 


88.642 


31.0 


Washington , 






437,414 


331.069 


278,718 


106,345 


32.1 


62.361 


18.8 


Newark . , 






415,609 


347.469 


246,070 


68,140 


19.6 


101,399 


41.2 


Cincinnati . , 






401.158 


363.591 


326.902 


37,567 


10.3 


37,689 


11.6 


New Orleans 






387,408 


339,076 


287.104 


48,333 


14.3 


61.971 


18.1 


Minneapolis 






380.498 


301,408 


202,718 


79,090 


26.2 


98,690 


48.7 
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2. The "statistics" 
in the margin are taken 
from The Cleveland Plain 
Dealer, of July 26, 1920. 
The numbers under 
"Pet." are not actual 
per cents. Explain why 
Cleveland's standing 
could not be 656%. If 
she won all she played, 
it could be only what 
per cent ? Properly ex- 
press the standings in 
per cent. Check any 
standing as your teacher 
may direct. 

3. Bring to class for 
discussion any reference 
you find to relations ex- 
pressed in per cent. 



5 TA TIS TICS 



AMERICAN LEAGUE 

Clubs Plyd. W. 

CLEVELAND .... 90 59 

New York 94 61 

Chicago . ■: — . ... 90 55 

Washington ..... 84 41 

St. Louis 89 43 

Boston 86 39 

Detroit 85 30 

Philadelphia .... 93 37 



L. 

31 
33 
35 
43 
46 
47 
55 
65 



Pet. 
656 
649 
6zx 
488 
483 
453 
353 
393 



NATIONAL LEAGUE 



Clubs 
Brooklyn . 
Cincinnati 
Pittsburg . 
St. Louis . 



W. L. Pet. 
53 38 582 
48 37 665 
43 40 518 
45 44 506 



Clubs 
New York. 
Chicago . 
Boston 



W. L. Pet. 

42 44 488 

44 48 478 

35 44 443 



Philadelphia 36 49 424 



AMERICAN ASSOCIATION 



Club W. L. Pet. 

St. Paul . 67 27 713 

Minneapolis 50 45 526 

Indianapolis 48 44 522 

Toledo . . 48 47 605 



Club W. L. Pet. 
Louisville 46 46 500 
Milwaukee 45 47 489 
Columbus 36 54 400 
Kansas City 31 61 337 



INTERNATIONAL LEAGUE 



Club 
Buffalo 
Toronto 
Baltimore 
Akron 



W. L. Pet. 
60 31 666 
59 34 634 
58 31 652 
56 36 615 



Club 
Reading . 
Jersey City 
Rochester 
Syracuse . 



W. L. Pet. 
45 47 489 
34 66 38 
29 60 326 
20 68 227 



7. INCREASES AND DECREASES EXPRESSED IN PER CENT 

Almost all references to increases and decreases that you 
meet in your daily reading are expressed in per cent. To 
find the per cent of increase or decrease, the 'actual increase 
or decrease is first found and that is compared with the thing 
that increased or that decreased. That was seen in the first 
table of the preceding section. 

1. When shoes that sold for $8 are now selling for |18, 
what is the per cent of increase ? 

2. Sugar advanced in price from 9^ per pound to 28^ 
per pound within a year. Find the per cent of increase. 
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3. In Uie early part of 1920 potatoes adTanced in price 
in some parts of the ccHintrj from $2.50 per bushel to $6 
per bnsheL Find the per cent of increase. 

4. As I am writing this, potatoes are selling in most 
cities for 10^ per poond ($6 per boshel^. Find what per 
cent they have increased or decreased at the time yon study 
this, using the local price of your community. 

5. As I write this, sugar is retailing at 28/ per pound. 
Find the rate of increase or decrease at the time you study 
this, using local prices. 

6. In a certain industrr the cost of labor increased from 
70 <f per hour to $1.75 per hour from 1914 to 1920. Find 
the per cent of increase. 

7. In 1915 we produced 1,011,505,000 bushels of wheat. 
In 1917 we produced only 659,797,000 bushels. This was a 
decrease of what per cent ? 

8. If the price of an article decreases from $12.75 to 
$10.50, what is the per cent of decrease ? 

9. If the price of a certain make of shoes decreases from 
$13.50 per pair to $9.75 per pair, what is the per cent of 
decrease ? 

lO. Find references to rates of increase or decrease in 
your local newspapers and bring to class for discussion and 
verifieation. 

8. IHTERFSETraG SELATIOHS £XFS£SSEB DT PER GENT 

You constantly see relations expressed in terms of per 
cent that you must interpret in order to understand fully 
what you hear and read. Thus I see in the morning paper 
that wages in a certain corporation have been increased 25 %. 
For every $1 received before the increase the employees 
will receive how much now ? 
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1. I see in a news item that there has been a general in- 
crease of 95 % in the cost of living. If this is true, what 
cost $1000 before the increase will cost how much after the 
increase ? 

2. One year we produced 659,797,000 bushels of wheat. 
In the early spring of the next year, the crop reports pre- 
dicted an increase of 20% for the coming season. That 
would be an increase of how many bushels ? 

3. When the yearly cost of food for a family has been 
$1125, what will the same amount cost when prices advance 
an average of 15 % ? 

4. The average cost of sugar used by a family of five was 
only $20.75 in 1914. In 1920 the increase in the price of 
sugar was 460%. If the average consumption is as great 
in 1920, what will the sugar cost for a family of five ? 

5. The Detroit Free Presa^ in a news item, said that the 
population of Detroit had increased 113.4% from 1910 to 
1920. Express as a mixed number in common fractions 
the approximate relation of the population of 1920 to that 
of 1910. 

6. The population of Detroit in 1920 was 993,739. If 
she has the same rate of increase from 1920 to 1930 as from 
1910 to 1920, what will her population be ? 

7. The population of Cleveland was 796,836 in 1920, which 
was an increase of 42.1 % since 1910. At this rate of in- 
crease, what will her population be in 1930 ? 

8. The population of Philadelphia increased 17.7 % from 
1910 to 1920. Her population in. 1920 was 1,823,158. At 
the same rate of increase, what will it be in 1930 ? 

9. Take the last five cities named in the table on page 
216 and at the rate of increase for the past ten years, see 
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what the population will be in 1980 and see if it will change 
their general rank as to relative place in the table. 

lO. Boston with a population in 1920 of 747,923 showed 
an increase of ll.o'r since 1910, while Baltimore with a 
population of 733,926 showed an increase of 34.4 %. With 
these rates of increase from 1920 to 1930, which city will 
be larger and how much ? 

9. nrTERPRETIVG THE RSLATIOV WHEF THE PER CENT 
GIVEV REFERS TO A VUMBER VOT GIVSV 

In our general reading and in our use of mathematics it is 
much less common to meet a per cent that refers to the 
number wanted instead of to the number given, as in the 
problems of the last section, yet such problems do arise. 
Their analysis is shown here. 

1. When the price of an article '* including war tax " is 
55 ^, the war tax being 10 % of the price without the tax, 
how much tax is due the Government in sales, " including 
tax," amounting to SI 254? 

ANAI.TSIS OF THE PROBLEM. — The f 1254 includes both the tax and 
the selling price without a tax. Hence it is 110 9fc of the price without 
the tax. 

Letting x = the price without the tax, 1.1 a: = f 1254, hence x= 1 1140 
and the tax = 10 ^ of f 1140, or f 114. 

2. When '* movie " tickets are " 22 ^ including 10 % war 
tax," what is the Government's share of the total receipts 
from 10,000 tickets ? 

3. The ** Fair Price League " of a certain state allowed 
dealers in men's suits a maximum profit of 46 % of the cost. 
Without violating this rule, what is the minimum cost to a 
dealer of a suit for which he is getting $ 50 ? 
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4. If a dealer is allowed a maximum profit of 35 % of 
the cost of shoes, shoes selling for $12.60 per pair must 
have cost him a minimum of how much ? 

5. If a dealer wants to mark an article to include a 10% 
war tax and give him a profit of 36 % of the cost on an article 
costing $ 14.60, for how much must he mark it ? 

6. In order to allow for a loss of 40 % in dressing, a 
dealer must buy how much undressed fish to have 160 pounds 
of dressed fish ? 

Suggestion. — The dressed fish are 60% of the undressed fish. 

7. In order to make 30 % of the selling price, for what 
must a dealer sell a suit costing him $ 42 ? 

8. A dealer pays $ 7 per ton for ice and sells it at 60 ^ 
per 100 lb., but loses 20 % in melting. He is making what 
per cent of the cost ? Of the selling price ? 

9. A dealer buys potatoes at 6 J jf per pound and retails 
them at 8 ^ per pound. If there is a loss of 10 % through 
shrinkage, what per cent of the selling price is he making ? 

10. If goods costing $ 2800 are sold at a profit of 30 % of 
the cost, find the profit. 

11. If goods costing $2800 are sold at a profit of 30% 
of the selling price, find the profit. 

12. If goods selling for $ 2800 give a profit of 30 % of the 
selling price, find the profit. 

13. If goods selling for $ 2800 give a profit of 30 % of the 
cost, find the profit. 

14. A grocer bought a shipment of peaches at $1.80 per 
basket and sold 90 % of them at $ 2.40 per basket. The 
remainder spoiled. What per cent of the whole cost did he 
make? 
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IS* A ^ green grocer '' or dealer in fmits and vegetables 
reckons on losing 20 % of his purchases. He will have to 
sell his goods at what per cent above cost to make 30 % of 
his sales? 

16. From what marked price can a merchant deduct 
83^ % and still make 20 ^ of the cost on snits costing him 

• 19.20? 

17* From what marked price can a merchant deduct 33^ ^ 
and still make 20 ^ of the selling price on a suit costing him 

* 19.20? 

18. If ham, in boiling and slicing, loses 45 % in weight, 
what is the cost of sliced boiled ham when raw ham costs 
48 ^ per pound ? 

19. In making white flour, 72 ^ of the wheat goes to flour. 
How many bushels of wheat will it take to make 20 barrels 
of flour ? (A bushel of wheat weighs 60 lb. and a barrel of 
flour weighs 196 lb.) 

20. In selling me a suit for $ 56 a dealer tells me that he 
is giving me an " out of season " discount of 20 %. From 
this how can I find the regular price ? 

10. INTERPRETIirG PER CENT RELATIONS IN 

BUYING AND SELLING 

Whether engaged in business or not, all our social, civic, 
and economic thinking requires careful, accurate, quantita- 
tive thinking. Franklin Bobbitt says in The Curriculum that 
** one of the fundamental needs of the age upon which we are 
now entering is acute quantitative thinking in the field of 
one's own vocation, in the supervision of our many coopera- 
tive governmental labors, in our economic thinking with 
reference to taxation, expenditures, insurance, public utili- 
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ties, civic improvements, pensions, corporations, and the 
multitude of other civic and vocational matters." The fol- 
lowing problems give practice in seeing and expressing 
relationships about given data. 

1. Data : It costs $ 76.90 to make a certain article and 
$30.76 to market it. 

(a) The cost to market it is what per cent of the cost to 
make it ? 

(6) The cost to market it is what per cent of the total 
cost to make and sell it ? 

(c) It must be sold for how much in order to give a profit 
of 35 % of the cost to make and sell ? 

. (c?) It must be sold for how much in order to give a net 
profit 30 % of the selling price ? 

(e) At what must it be listed in order to give a trade 
discount of 40 % and leave a profit of 20 % of the cost to 
make and sell ? 

(/) At what must it be listed in order to allow a discount 
of 30 % and still have a net profit of 20 % of the selling price ? 

2. Data : The delivered cost of a bill of goods was $ 1600. 

(a) If the buyer sells them at & gross profit of 35 % of 
the cost, how much does he get for them ? 

(J) If he ^ells them at a gross profit of 25 % of the selling 
price, how much does he get for them ? 

({?) If the gross profit is 40 % of the cost and the cost of 
selling is 25 % of the sales, what is his net profit ? 

(rf) In part (tf), can you find what per cent the net profit 
is of the cost without using the f 1600 ? 

(e) If the gross profit is 30 % of the sales and the cost of 
selling is 20 % of the sales, what is the net profit ? 
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(/) In part («), can you find what per cent the net profit 
is of the cost without using the $1600? 

3. Data: A dealer sold a bill of goods for $2400. 

(a) If he made a gross profit of 20 % of the selling price, 
what was the gross profit ? 

(6) If he made a gross profit of 20 % of the cost, what was 
the gross profit ? 

((?) If he sold them at a discount of 20 % from the marked 
price, at what price were they marked ? 

(d) If his gross profit was 40 % of the sales and the cost of 
selling was 20 % of the sales, what was his net profit ? 

(e) If his gross profit was 50 % of the cost and the cost of 
selling was 25 % of the sales, what was his net profit ? 

(/) Had he sold the goods at a profit of 25 % of the cost 
and the cost of selling was 20 % of the sales, did he make or 
lose and how much ? Can you tell what per cent of the cost 
he made, without using the $2400? 

11. FINDING RELATIONS FROM 6IVBN RELATIONS 
WITHOUT USING DEFINITE NUMBERS 

You saw in some of the problems of the last section that 
relations can be expressed without the use of the definite 
number given. It is important in our general quantitative 
thinking that we be able to do this. 

1. If wages are increased 40 % and are later reduced 30 %, 
they are what per cent of the former wage before the 
increase ? 

2. If a man's salary is increased 60 % and later decreased 
40 %, he is getting how much less thfin his original salary ? 
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3. If goods sell at a gross profit of 60 % of the cost and 
the cost of selling is 40 % of the sales, a merchant is losing 
what per cent of the cost ? 

4. If goods are marked to sell at a profit of 40 % of the 
cost and discounted 30 %, the loss is what per cent of the cost? 

5. A merchant whose overheads amounted to 20 % of his 
sales, marked his goods' to sell at 50% above cost, but had 
to discount them 20%. His loss was what per cent of the 
cost? 

6. After discounting his goods 40%, a merchant still 
made '20 % of the marked price. What per cent above cost 
were they marked ? 

7. After discounting his goods 40%, a merchant still 
made 20 % of the selling price. How much above cost were 
they marked ? 

8. If goods were listed to give a profit of 40 % of the 
list price, but discounted 20 %, they gave a profit of what per 
cent of the cost ? What per cent of the selling price ? 

9. Goods were sold at a gross profit of 40 % of the cost, 
but the cost of selling was 20 % of the salea. The net gain 
was what per cent of the sales ? 

10. After discounting goods 25%, a merchant made 20% 
of the sales. Before discounting them he was making what 
per cent of the cost ? 

11. A man marked his goods at an advance of 40 % of the 
cost, but had to discount the marked price 10 %. If his total 
expense of selling the goods is 20 % of the sales, what per 
cent of the cost is he making ? 

12. Estimating the total cost of doing business to be 20 % 
of the sales, at what per cent above cost must goods be 
marked to give a net profit of 20 % of the cost ? 



226 JUNIOR HIGH SCHOOL MATHEMATICS 



13. After allowing a trade discount of 40^ from the list 
price, a wholesaler is still malring 16% of the net selling 
price. What per cent of the cost is he making? What per 
cent of the list price is he mafclHng ? 

14. After allowing a discoont of 40% of the list price, a 
wholesaler is still making a gross profit of 20 % of the list 
price. If the cost of doing business is 20% of the selling 
price, he is making a net profit of what per cent of the list 
price ? Of the selling price ? Of the cost ? 

12. GSHSRAL USES OF PSR CEHT 

1. A headline in a daily paper said : ^ Dealers in clothing 
most limit their profits to 45%.*^ Show that this statement 
is not definite bj showing that if the gain is of the selling 
price^ they are allowed a profit of $22.50 on a soit that is 
selling for $50, while if the gain is of the cost^ they are 
allowed a profit of but $15.52 on a soit which they sell at $50. 

2. A man owns and occupies a house that he can sell for 
$16,000. His taxes are $235 per year. The insurance and 
general upkeep amount to $85 per year. If he could loan 
money at 6%, what is it really costing him per year to keep 
and occupy the house, assuming that the Talue of the prop- 
erty is not changing ? 

3. A man had a piece of undereloped property for which 
he was offered $3500. He kept it 2 years, paid out $120 
taxes, and sold it for 83750. Considering money worth 6%, 
did it pay him to keep it the two years after he could have 
sold ? Discuss fuUy, telling why it did or did not. 

4. A man bought five $1000 industrial bonda at 98 paying 
6 % interest. At the end of 2 years he sold them at 95, pay- 
ing ^^0 ot the par yalue both for buying and for selling. 
Did it pay him, if he could have loaned his money at 5|^? 
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CHAPTER XV 
INTERPRETING STATISTICS 

1. THE MEANING AND USE OF STATISTICS 

In all walks of life it is necessary to collect and study 
certain data that may have any bearing upon the subject 
considered. Thus, we collect and study such data as school 
attendance, the cost of living, the wages paid in various in- 
dustries, the crop productions, the cost of producing a cer- 
tain article, and data pertaining to thousands of other 
human interests. When we have a great collection of data 
bearing upon some question, we call these facts statistical 
facts or statistics. 

A careful study and comparison of statistics is necessary 
in the solution of many of our large social, economic, and 
governmental problems. In Books I and II you studied 
graphical methods of picturing data to the eye in order to 
see the relation of one quantity to another, and you had 
much practice in studying and interpreting graphs. In this 
chapter you will learn how to study the central tendency of 
scattered data that make up a table of statistics. Only sim- 
ple and familiar examples will be considered. 

2. A STATISTICAL TABLE OF FACTS 

In tabulating data, it is important to arrange the items in 
an orderly way that will facilitate the ease with which they 
are studied, and by which comparisons can be made. 

The following table shows how the records of two classes 
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might appear in a teacher's "grade book" in which the 
names of pupils are recorded alphabetically. 



Class A 



Class B 



Names 


SOCHCS 

1 


Names 

1 


SCOSBS 


Allen, Frank .... 


19 


Lewis, James .... 


9 


Ames, Walter . . . 




7 1 


Lyman, Estdla 






6 


Anderson, Mary . . 




11 


Mabey, David 






11 


Baker, John . . . 




8 


Aiiller, Grace . . 






12 


Ball, Thomas . . . 




16 


. Xewkirk, Frank . 






7 


Bryan, Frank . . . 




10 


' Oliver, George . , 






12 


Bush, Ethel . . . 




17 


' Pi«ce, Helen . . 






8 


Davis, William . . 




12 


Putman, Mary 






18 


Dickerson, John . , 




12 


Ramsey, Frank 






15 


Dodd, Walter . . . 




10 


Russell, Helen . . 






13 


Ewing, Ella . . . 




9 


Sawyer, Lucile 






12 


Fisher, Henry . . 




15 


Stephens, Nellie . 






16 


Foster, Ella . . 




12 


Taylor, John . . 






12 


Cktnnon, Frederick . 




13 


Turner, Frank . . 






16 


Harrison, Ludle . 




11 


Wilcox, Paul . . 






9 


Holmes, George . 




14 


Wright, Arthur 






10 


Ives, Gertrude 




12 


' Young, Walter 






14 



From the tables, as they stand, it is very difficult to know 
which class made the best record, or to tell how the indi- 
viduals of each class ranked with each other. The compari- 
son is much more simple if the scores are arrayed as in the 
following table. 



3. AH ARRAY OR RANK ORDER OF DATA 

If the pupils of either class should take their places in 
line, the one making the highest score taking the head of 
the line, the one next in order the next, and so on until the 
one making the lowest score stood at the foot, they are said 
to be arrayed or standing in rank order. In such an array, 
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it is much easier to see how they rank with each, other. 
This is seen from the following table in which the pupils of 
the preceding table are arrayed in rank order. 



Class A 


OUABS B 


Names 


Scores 


Names 


Scores 


Allen, Frank . . 
Bush, Ethel . . 
Ball, Thomas . . 
Fisher, Henry . . 
Holmes, George . . 
Gannon, Frederick 
Davis, William . . 
Diekerson, John . 
Foster, Ella . . 
Ives, Gertrude . . 
Anderson, Mary . 
Harrison, Lucile . . 
Dodd, Walter . . 
Bryan, Frank . . 
Ewing, Ella . . . 
Baker, John . . 
Ames, Walter . . . 




19 
17 
16 
15 
14 
13 
12 
12 
12 
12 
11 
11 
10 
10 
9 
8 
7 


Putma.n, Mary 
Stephens, Nellie , 
Turner, Frank. . 
Ramsey, Frank 
Young, Walter 
Russell, Helen . . 
Miller, Grace . . 
Oliver, George . . 
Sawyer, Lucile 
Taylor, John . , 
Mabey, David 
Wright, Arthur 
Lewis, James . . 
Wilcox, Paul . . 
Pierce, Helen . . 
Newkirk, Frank , 
Lyman, Estella 






18 

16 

16 

15 

14 

13 

12 

12 

12 

12 

11 

10 

9 

9 

8 

7 

6 



4. COMPARING DATA BY MEANS OF A SINGLE NUMBER 

When data are scattered, as in the tables of the last two 
sections, we need single numbers which tell us the central 
tendency of the group or the particular value about which 
the values center. Thus, in the array of the last section, if 
we count down from the top, or up from the bottom to the 
middle score, or to the ninth score in this case, we see that 
the middle score of each class is 12. That is, there were 8 
above, and 8 below, the pupil that made this score. This is 
called the mediaq. That is, 
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If any group of data is arrayed, the middle one is known as 
the median, if there is an even number of items^ the median 
exists halfway between the two middle items. 

The median is easily found from an array and gives a 
fairly good measure of the central tendency of the group. In 
the example just given, however, it does not show any dif- 
ference between Classes A and B as a whole, for the median 
of each is 12. 

By finding a total of all scores made by each class, we 
find that Class A made a total of 208, while Class B made 
but 200. By dividing the total score of each by the number 
of pupils, we get the arithmetical average of each class. A's 
average is 12^, while B's is only ll^f. That is. 

The quotient obtained by dividing the sum of all the items by 
the number of items is known as the arithmetical average. 

1. From 20 exercises in addition written upon the black- 
board, each consisting of 5 addends of 2 figures each, let the 
class see how many they can copy and add correctly in just 
8 minutes. Array the scores, find the median and the 
average score. 

2. Do the same with exercises in subtraction, using num- 
bers of 5 digits. 

3. Do the same with multiplication, using a 2-figured 
multiplier and a 3-figured multiplicand. 

4. Do the same with the scores of a spelling test of 50 
words dictated by your teacher. 

5. Beginning with exercise 1, page 157 of this text, see 
how many exercises you can solve in just 10 minutes. Find 
the median and average of the class. 

6. Do the same with the exercise on page 187. 
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5. ARRANGING DATA IN FREQUENCY TABLES 

When a very large number of items, many of which are 
alike, make up the data, it is impractical to array them. 
In such cases they are tabulated as to the frequency of each 
item. For example, 1300 pupils of a city might make scores 
panging from 2 to 10 on a test in addition. For the purpose 
of studying the central tendency, these would first be tabu- 
lated in a frequency table. 



A FREQUENCY TABLE OF 


1300 SCORES IN 


ADDITION 

1 














, 


^3^^^ 


No. OF Pupils 


Scores 


No. OP Pupils 


SCOBES 


15 


10 


225 


5 


70 


9 


150 


4 


120 


8 


100 


3 


200 


7 


20 


2 


400 


6 







When thus arranged in a frequency table we have a new 
single number that fairly well represents the central ten- 
dency. Thus we see that 6 was the most common score, for 
more made that score than any other. 

In a frequency tahle^ the commonest number is known as the 
mode (taken from the French " la mode^ " meaning " the fash- 
ion^''^. In the above table, 6 is the modal score, and requires 
no calculation. 

By adding 16, 70, 120, and 200 we have 405, so we see 
that the median score is also 6, for the middle one would fall 
in the group of 400 that made a score of 6. 

To find the average we must multiply each item hy its fre^ 
quency before adding. Thus, from the above table we find 
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the sum of 15 x 10 -|- 70 x 9 +120 x 8 -h 200 x 7 + 400 x 6 -f 
225 X 6 -h 150 X 4 + 100 X 3 -f 20 X 2. And thus we find 
the average to be 6.38. (Check this.) 

You have now had three single numbers that fairly well 
represent the central tendency of the entire group. They 
are : the arithmetical average; the median; and the mode. 
The three numbers usually are not alike, and their reliability, 
or the closeness with which each represents the central ten- 
dency of the group, depends upon the distribution of the data. 

1. In seeking the "central tendency," as to size, of a new 
variety of tomatoes, a gardener weighed 181 taken at ran- 
dom from his garden one morning and tabulated the result 
as follows : 



Wt. to nearest oz 


2 
1 


3 
3 


4 
5 


5 
12 


6 
20 


7 
25 


8 
35 


9 
22 


10 
20 


11 
14 


12 
10 


13 
9 


14 
3 


15 
1 


Frequency of no. of tomatoes 



(a) Find the average size. (6) Find the median size, 
(c) What is the modal size ? (d) How nearly do the re- 
sults agree ? 



6. ADVANTAGES AND DISADVANTAGES OF THE THREE 
MEASURES OF CENTRAL TENDENCY 

The arithmetical average : Where there are no great extremes 
existing among the data, the average perhaps gives the best 
notion of the central tendency. But in case of extreme 
scores the result is misleading. For example, in measuring 
the ability of a class, a very high or a very low score would 
have too much emphasis upon the average. Thus, if a class 
of 10 made the following scores, 1, 6, 6, 8, 8, 8, 8, 9, 10, and 
10, the average score is 7.4. But omitting the very low 
score of 1, the average of the remaining 9 is 8.11. A greater 
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extreme will make this still more noticeable. Suppose that 
10 men subscribe $1450 to a certain charity, one man giving 
$1000 and the other 9 giving but $50 each. The average is 
$ 145 each, which in no way represents the central tendency, 
for the average is nearly three times as much as was given 
by any but one of the group. Both the mode and median 
here is $50, which gives a far better notion of the character 
of the donations. 

The median : The median has the advantage of eliminat- 
ing the undue influence of extreme cases. It shows the 
number from which there is an equal number higher and 
lower. In simple arrays like the ones shown in this chap- 
ter it requires only counting from either end of the array 
until the middle item is reached. In a study of more com- 
plex data, more difficult calculation is required. Such cal- 
culations are omitted here as having no value to the average 
citizen not working with such statistics. 

ITie mode: The mode eliminates the extremes. An un- 
usually high or low item has no effect on the mode. On 
the other hand, there is a large number of frequency tables 
in which it cannot be applied with satisaction. Thus, there 
may be several groups that have nearly the same frequency, 
but none of them really outstanding. When there is a sin- 
gle outstanding group, the mode is a very satisfactory meas- 
ure of the central tendency. 

7. CLASS LIMITS AND CLASS INTERVALS 

In arranging data covering a large number of items, it 
would be extremely difficult to represent or tabulate each 
item, and it would give too large a group of figures to study. 
Thus, in the exercise of section 5 the " weight to the near- 
est ounce " was taken of each tomato. By so doing, we had 
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only 14 dififerent weights to consider. Whereas, if we had 
taken the exact weight of each of the 181 tomatoes, we 
might have had nearly as many different weights. A more 
common way is to group the numbers between class Umits. 
Thus, instead of the "nearest" ounce, we might have 
grouped all weighing from 1 oz. to 2 oz. ; from 2 oz. to 3 oz. ; 
etc. Or, suppose that we are making a study of the " cen- 
tral tendency" as to weight, of boys of a certain age, it 
would be well to group them within certain limits. For, 
out of 1000 or 10,000 boys of a given age, weights may 
range all the way from 60 lb. to 140 lb. Even to group 
within a class interval of 1 lb. (that is, to put all weighing 
from 60 lb. to 61 lb. into one class, from 61 lb. to 62 lb. 
into another, and so on) would require 81 classes. In 
studying so large a group, a class interval of 5 lb. or 10 
lb. would be more convenient. 

Thus, the following table shows the method of grouping 
the weight of boys of a certain age in a cla99 interval of 
101b. 



Wts. in Lbs. 


No. OF BOYB 


Wts. in IjBS. 


No. OP BoTS 


55-65 
65-75 

75-85 
85-95 


5 

35 
102 
200 


95-105 
105-115 
115-125 
125-135 


350 

180 

80 

12 



1. Give the class limits in the above table. 

2. In what class interval does the mode fall ? 

3. In what class interval does the median fall ? 

4. Study the table and tell why you would have expected 
both the mode and median to fall in the same class interval. 
Make up a table in which they would not be the same. 
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8. FREQUENCY POLTOONS AND SURFACES 

The pi-eceding table may be represented by bar graphs, as 
shown in the graph in the margin. 

The area covered by the bars 
of the graph is called a fre- 
quency polygon or a frequency 
surface. 

1. If the class interval had 
been 5 lb. instead of 10 lb., in 
what way should you expect it 
to change the general shape of 
the area of the polygon here 
represented ? In what way 
should you expect a class in- 
terval of 1 lb. to change it ? 

It is very probable that if the exact weight of each indi- 
vidual boy could have been represented in the graph, the 
only change would be that 
the broken line inclosing the 
frequency surface would have 
seemed more nearly a smooth 
curve, being broken into so 
many more parts. That is, 
it would more nearly be the 
heavy curve of the figure in 
the margin. 

Thus it is seen that the 

central tendency of a large 

number of items may be 

by coD- 



!r"i-5 



n 



65 75 S5 95 105 h 



\ 



k 



115 125 U 
shown as well by grouping into class intervals 
sidering each individual item. 
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9. NORMAL DISTRIBOTIOV 

In grouping any human trait or ability in a frequency 
table, it will be seen that there is a gradual rise and fall in 
numljers from the very lowest to the very highest. Thus, 
in a spelling test of 100 words, a few will get a very low 
score, a few a very high score, and the largest number will 
be neither extreme. 

1. Weigh 20 boys of the same age, arrange the weights 
in a frequency table with a class limit of 5 lb. Construct a 
frequency polygon, and see how it compares in general shape 
with the one given. 

2. Get the height of twenty boys and arrange a frequency 
table with a class interval of 2 in. Draw a frequency 
polygon. 

3. Let one member of your class give you a spelling test 
of 100 words. Make a frequency polygon of the scores 
made. Does it in any way resemble the graph given in the 

text? 

4. Get the results of tests and 
make graphs and see if they re- 
semble the following, which is a 
graph of the grades of a class of 85. 

3 pupils made A. 
8 pupils made JB. 
12 pupils made 0. 
7 pupils made D. 
5 pupils made F (failed). 

If we measure the length of ears of com from the same 
field, the height of the stalks, the production of certain 
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crops, etc., we see that the data are distributed very much 
as in human traits ; that is, the rise and fall on either side 
of the mode is fairly regular, and the curve would approxi- 
mate the ones you found above and the one found in section 
8. Such a distribution is called a normal distribution, and 
the curve that results when the class intervals are small 
enough to give a smooth curve as shown in section 8 is 
called the curve of distribution. 




frequency axis 



The curve above is the \A.Qdl frequency curve of distribution 
toward which all frequency areas approach, whether measur- 
ing human traits or those of nature. 

5. The following table shows the distribution of intelli- 
gence quotients made by 2360 primary children given in a 
certain city by buildings. Make a " frequency polygon " of 
the scores of any building, as your teacher may direct, and 
see how nearly they agree in general shape. Do they ap- 
proximate the " normal curve " shown above when a smooth 
line connects the ends of the various bars? 

6. Make a " frequency polygon " of the total scores in the 
table and see how nearly it agrees in general shape with that 
of the scores of some building which you have found. 
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1 
1 


1 2 ! 

: 1' 


3 



4 
1 


5 

1 


1 6 , 7 • 8 


9 , 10 


11 


1112 

i 


13 14 


H 


Below 56 . . . 


'ill 


1 





2 





10 


56- 65 . . . 


5 


: 


5i 


5 


6 


: 2 1 (^ 


0. 6 


0' 


3 





33 


66- 75 . . . 


18 


5 


13 


17 


8 


10 7 4 


14 3 


2 1 


2 


1 


105 


76- 85 . . . 


28 


20 


20 


38 


20 


28 17 13 


13 18 


161 2 


8 


2 


243 


86^ »5 . . . 


62 


1 ^' 


45 


68 


36 


50 39 22 


36 28! 38 16 


36 


8 


526 


96-105 . . . 


49 


i 34 


37i 


72 


48 


41 60 29 


55 50- 50 25 


66 


22 


638 


106-115 . . . 


29 


1 ** 


36 


48 


33 


48 48 36 


50 38 


45< 19 


51 


23 


522 


116-125 . . . 


3 


» 


19 


11 


12 


14. 11 7 


20 24 


20 13 


28 


17 


199 


126-135 . . 





1 


4: 


2 


1 


4' 1 2 


9 8 


81 2 


16 


9 


66 


136-145 . . 





1 


o' 





1 


0! 1- 2 


1 4 


1 


3 


2 


16 


Above 145 


Ol 0' 2 
195 130 170 262 166,198 186 116,198 182 

1 1 i 1 1 . 1 . 


0: 



215 




84 


2 


Total . . 


180 


78 


2.360 


. Median . . 


93 


94! 

! 


95: 


95' 


97 


97 100 101; 101 102 


102; 103' 104 


109 


99 



7. At sight, give the class interval within which the 
modal score of each buUding falls. 

8. The median score of each building may be found as 
follows : 

Building No. 1. — The median is the score of the 98th 
pupil. Why ? There are 52 pupils in the four groups that 
made below 86. Hence we must count 46 of the 62 pupils 
that fall within the group " 86-95," in order to get the score 
of the 98th pupil. Assuming the marks evenly distributed, 
there will be an increase of 1 score for each group of 6 pupils 
(nearly). Since 46 -f- 6 = 7 J, counting 46 of this group will 
take us into the 8th group of 6, or add 8 points to the 85, 
(the score of the 52d pupil), making the score of the 98th pupil 
93, the median score. 

In the same way, find the median score of each building, 
and thus check the medians given in the table. 

Note. — There are other methods of computing the median, too com- 
plex to discuss here. 
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6. 2 6. 11. 4a2. 
6. 2c2. 12. 2a«. 



18. 
14. 
16. 
16. 
17. 
18. 
19. 



-3a<. 

— 5 a^h. 

— 4x4y. 

— 2x2y«. 

— 4x2y. 

— 4ac. 
6 6c. 



20. 
21. 



28. 
24. 
26. 
26. 



-4a2. 

— 6c. 
7x2. 

-7 6. 

— 3»*i2. 

-19 s. 

— 9n2. 



27. 


3 6c. 


28. 


— 7y2. 


29. 


2x. 


30. 


— 2mn. 


81. 


— 16 a. 


32. 


-9x*. 



Page 108 

1. 27 6 -6c. 

2. — 6x + 8y. 
8. c - 2 6 + 3 d. 

4. — y2 + 3X2/ — 2. 
6. — 4a»+3a2x-2ax2. 



6. xj/ — 1 + 4x2. 

7. - x7 + 5 X - 3. 

8. a2 — 2 a6 + 3 62. 

9. — x + 1. 

10. 3x4-2x2. 

11. a — 6 + c. 



12. X2/3 4.2XV. 

13. 2x2|/-3xs. 

14. a2+?-^-662. 

a 

16. — 2n2 + 3m. 
16. 2n — 3m2n6. 





Page 112 


11. 


3x-2. 


1. 


a + 2. 


12. 


3A: + 1. 


2. 


JV^-5. 


18. 


2F+5. 


3. 


x-3. 


14. 


2^-3. 


4. 


P+4. 


15. 


5U + 2. 


6. 


t-2. 


16. 


2p-\, 


6. 


J/ — 5. 


17. 


l + 3a. 


7. 


ii + 7; 


18. 


4-6i). 




26 rem. 


19. 


a+ 6. 


8. 


6-4. 


20. 


X — 2|/. 


9. 


m + 13; 


21. 


W+Sg. 




90 rem. 


22. 


m-{- n. 


10. 


x+ 1. 


28. 


P-4Q. 



24. x + 7. 
26. a + 1. 

26. y + 11 ; 
— 8 rem. 

27. 6^ + 1. 

28. r2-3r + 6i; 
— 16 J rem. 

29. 52+5 + 1. 

30. 2/2 — yz + 2;2 J 
-2^2 rem. 

81. 1^2 -F2. 

82. m-tK 

88. 121J-1. 



Pag 


ell4 


1. 7. 


11. i. 


2. -4. 


12. 7. 


8. 2f. 


13. 2. 


4. 5J. 


14. f 


5. 2. 


15. -17 


6. i 


16. 1^. 


7. 3i. 


17. -5. 


8. J. 


18. 8. 


9. 15f 


19. 7. 


10. 5. 


20. -1. 



ANSWERS 



8. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
18. 
U. 
16. 
16. 



Page 121 

10x + 7)(x + l). 
8x + l)(x + 3). 
6a-f-2)(a + 2). 
2 6+5)(6 + 2). 
a + l)(3a + 7). 
2x + 8)(4x + 6). 
3a-5)(a-2). 
10c-7)(c - 1). 
3x-l)(x-8). 
5a — 2)(a-2). 
26-3)(46-5). 
2 2/-5)(j/-2). 
2c-l)(c-5). 
8«-2)(t-2). 



17. (4r-9)(r + 8). 

18. (3x-2)(2x + 7). . 

19. (3 a 4- 6) (a -1). 

20. (8x + 4)(x-l). 

21. (8 6-2)(6 + l). 

22. (4y-5)(y + l). 

23. (3 c - 5) (c 4-1). 

24. (2x-7)(x4-4). 

Page 122 

1. a(a2 + 3a+ 1). 

2. (2x+'32/)(2x4-32/). 

3. n(m4-3)(m4-3). 

4. (a + 2)(a4-6). 
6. a(t-2)(«-6). 



6. (y4-6)(y-2). 

7. a(n-6)(n 4-2). 

8. a(a + 3)(a 4-5). 

9. t(«+5)(«-3). 

10. a(x-22/)(x4 2y), 

11. r(r-6)(r4-8). 

12. a(n4-6)(n4-7). 

13. (a + 7)(a-6). 

14. (2a + l)(a-f 1). 

15. x(2y+l)(y4-2). 

16. (t 4- 13) (« - 2) . 

17. (3a4-l)(2aH-3). 

18. (x-8)(x-8). 

19. a(y4-4)(y4-4). 

20. (x4-7y)(x — 5y). 



Page 123 

a 
6 

X 

X 

y 

2a 



1. -^ 



2. -^ 



8. ^ 



:c. 


3 62 


5. 


_6xy 
6z 


6. 


7n 

12 W2 


7. 


9x 
112/ 


8. 


a£ 
8m 


ft 


3 



6X2/ 



6. p 4-14- 



6. 2 X + 1 4- 



p-1 
2 



10. 
11. 
12. 



13. 



a+ 6 
a — 6 

._ x(y + 2) 
y(x + 2) 
aCc 4- b) 
b(a — c) 

Page 124 



1- I- 

2. J. 

3. i 

4. f 

^- f 
11.^. 



12. i-. 
2x 

2m 



6. |. 

7. J. 

«. A- 

10. ^3,. 



371 



Page 125 

1. If 3. 3J. 

2. If 4. IJ. 
2 



2x-l 



14. 3^ 

15. 

16. 



4g3 

2c 
3 ad 

xz 



2' 



17. -^. 
4 V 

18. — . 
3r 



7. X — 1/ 4- 



19. 

20. 

21. 

2y2 
x + 2/ 



23f 
4 

e' 

1 



2i2 



8. x2 — X2/ 4- 2/^— 



2y8 



9. n — 3 — 



n-2 





22. 


a2- 62 




a^+Sab + b^ 




28. 


X 

n 4- 7/1 




24. 


A(A - B) 

u4 4- B 




25. 


R-1 
2y 




26. 


«4-2 




27. 


14-p. 
1-P 




28. 


2n + l 

2n-l • 




29. 




10.1 x+2x»-2x3^ 

1+X-X2 


11. x2-2 


X + 4+ ^ ^ 

X4-2 


Ifi )/ 


X 1 


2/-6 



2/2 -, y + 2 



ANSWERS 



Pages 125-126 

, 11a 
8 
3a 
2h 
. ahd + ojc 

cd 
- 16aj + 2 oic 



2. 



6. 



10 a 
27 a - 14 



35 

xyz 
a6c 

x2 — 2/2* 
a 2 a2 + 2 62 
a2-62 



1. 



2. 



Page 126 

ox 
my 

4 acm 
6 6d * 
5a 



3. ^ 

n 

- 6m2 

4. 

ad 

abx 

2 

6. 2. 
a'c 



5. 



7. 



&d2 

a6 
3 OjC 



9. ^ 



8. i^. 10. h: 



X 

of 
c 



11- 

(X H- 2/)2 

12. a + &• 



Pages 126-127 

2a2 
3?n* 

2m 
2a 



1. 



2. 



3. 



6. 



7. 



8. 



9. 



3m 
8n 
9m* 
3x 

    « • 

my 
5x 
7a* 
25 xz 

Qy 
35a2m 

4n2 
y(a 4- 6) 
x(a— 6) 



10. 
11. 
12. 



a 



a-1 

2b 
a— 6 

6a4-2 
a2(2 - a) 



Pages 127-128 

8. 1. 8. -1. 

4. 6. 9. 6. 

5. 1. 10. 15. 

6. 9. 11. 2}. 

7. 1. 12. 1. 
18. 4} da. 

14. If hr. 

15. 6 hr., 12 hr. 

16. 9 min. 

17. 3 ft., 9 ft. 



Pages 130-131 
1. 250 yd. 

8. 60 ft. ; 80 ft.; 100 ft. 
6. 128 yd. 



6. About 865 yd. 

7. About 127 ft. 

8. Nearly 80 yd. 



9. About 88 yd. 

10. Nearly 185 yd. 

11. About 152 yd. 



Pages 135-136 
1. 1 in. = 20 yd. 



2. 15 yd. 

8. 1 in. = 60 ft. 



4. 600 ft. 

7. 1 in. = 40 ft. 



8. 800 ft. 

9. 600 ft. 



Pages 137-138 

1. About 115 ft. 

3. About 35 ft. 

4. Nearly 34°. 



5. About 725 ft. 

6. About 56 ft. ; about 

18i ft. 

7. About 67 ft. 



8. 3500 ft. 

9. About 3400 ft. 
10. Nearly 90 ft. 



Pages 139-142 
2. 80 ft. 



8. 66$ ft. 
6. 133Jft. 



8. 6J ft. 
11. 320 yd. 



13. 83 ft. 
16. 30 ft. 



Pages 147-150 

2. 128.56 yd. 
8. 257.12 yd. 
4. 114.72 ; 222.93 ; 

321.677. 
6. Nearly 52'*. 



8. 77.032 ft. 

10. 195 ft., nearly. 

11. 59 ft., nearly. 

12. 176.34 yd. 

18. 906.3 ft.; 422.6 ft. 

14. 549.5 ft. 



16. 668.5 yd. 

16. 329.1225 ft. 

18. 4502 ft. 

19. 62.78 ft. 

20. 72.8 ft. 



ANSWERS 



2. 
4. 



2. 
8. 

1. 
2. 
8. 
4. 



1. 
2. 
8. 
4. 
5. 
6. 
7. 

8. 

9. 
10. 
11. 
12. 



151 

A=laban C, 
14,776.8 aq. ft. 
26,600 sq. ft. 

153-155 

136.67 ft. 
192.8 yd. 

Pages 158-159 

4} ft. 

20 rd. by 30 rd. 
20 ft. by 40 ft. 
4J ft., 6} ft. 

160-161 

X = 3 ; y = 2, 
x=S; y = 4. 
x = 3; 2/ = l. 
«=17; 2/= 13. 
X = 6 ; y = 2. 
X = 1 ; 2/ = 5. 
x = -3; 

y = -7. 

x = 9; y = 2, 
a=-ll;6=7. 
a = 8; 6 = 1. 



4. 1423.23 yd. 

5. 93.08 ft.; 
18.03 ft. 

Pages 157-158 

1. x = 2; y = 6. 

2. X = 2 ; y = 3. 
8. x=l; y = — 4. 
4. x= — 1; y=6. 



6. x= — 2; 
y = -3. 

8. X- 6; y = l. 

7. X = 4 ; y = 2. 

8. x=-2; 
y=-3. 

9. x = 6; y = 7. 

10. x=6; y=-6. 

11. x= 4; y = 3. 



12. a = 3; 6 = 7. 
18. x=12; y=ll. 

14. X = 1 ; y = J. 

15. x=ll;y=-3. 
18. x = 3, y = 4. 

17. x=— 2; y=5. 

18. x = 6; y = 1. 

19. X = 6; y = 3. 

20. x = 6; 7/= 1. 



r = 2 



8 = 1. 

«=-2. 



1. 
2. 
8. 
4. 
5. 
6. 

7. 

8. 

9. 
10. 
11. 



r=8 

161-162 

15 and 6. 
4 and 9. 
24 and 96. 
8 and 66. 

if 

85^ ft. and 

114 J ft. 

10 dimes, 

40 nickels. 

63J°, 126f°. 

30°, 60^. 

36°, 72°, 72°. 

4 gal. milk, 

16 gal. cream. 



5. 6 ft., 8 ft. 
8. 17 boys, 26 girls. 
7. 468 Jr. H. S.; 
312 Sr. H. S. 



12. 83. 



1. 
2. 
8. 

4. 
5. 
6. 

7. 



18. 27. 

163 

x = l; y =1. 
x = -2; y=3. 

« = i; y = h 

X = 3 ; y = 4. 
a = 3; 6 = 2. 
a = 2; 6 = 5. 
r = 6; «=4. 

Page 164 

1. 4hr., 6hr. 

2. 3 da., 6 da. 
8. 8 hr., 12 hr. 

4. 16 min., 
20 min. 

5. 10|f min., 
17^1- min. 

6. 66 hr., 105 hr. 

7. 30 da., 24 da. 

Pages 173-174 

1. i 6. 8. i 6. 
±9. 

±S. 

ill. 
±16. 
±10. 

±2. 



10. 
11. 
12. 
18. 

14. 



±2. 
±6. 
±9. 
12 ft. 
7 ft. 



2. 

5. 
6. 
7. 
8. 
9. 



4. ±4. 



15. 


15 ft. by 30 ft. 




Page 175 


1. 


5V3. 


2. 


3V3. 


8. 


5V2. 


4. 


2V10. 


5. 


5V5. 


6. 


6V5. 


7. 


5V7. 


8. 


10 V3. 


9. 


aVa. 


10. 


x^Vx, 


11. 


63 V6. 


12. 


c*Vc. 


18. 


2aV2a. . 


14. 


4x2V2x.. 


15. 


2yV7y. 


16. 


2a62V3a6. 


Pages 175-176 


1. 


8.660. 


2. 


8.944. 


8. 


9.486. 


4. 


17.320. 



8. 8 lb. at 30^ ; 

12 lb. at 24 f, 

9. 20 dimes, 30 nickels. 
10. 37° and 53°. 



5. 26.832. 
8. 14.694. 

7. 13.230. 

8. 12.726. 

9. 16.652. 

10. 18.972. 

11. 16.810. 

12. 21.168. 
18. 16.688. 

14. 16. 

15. 34.640. 

16. 86.600. 

17. 66.560. 

18. 69.280. 

19. 62.960. 

20. 97.960. 

21. 18.382. 

22. 13.866. 
28. 17.888. 

Pages 176-177 



2. 

8. 

4. 

5. 
10. 
11. 

12. 
18. 



.378. 

.677. 

.632. 

.707. 

.791^ 

JV14. 

iV30. 
a 



6. 
7. 
8. 
9. 



.316. 
.894. 
.408. 
.766. 



